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  for	
  Graphical	
  Models	
  



Sample	
  Applica:ons	
  for	
  Graphical	
  Models	
  

Learning 

Reasoning 



Outline	
  
n  What	
  are	
  graphical	
  models?	
  Queries	
  
n  Inference	
  
n  Search	
  
n  Time	
  vs	
  space,	
  search	
  vs	
  inference	
  	
  
n  Bounding	
  	
  inference	
  (Varia:onal:	
  BP,	
  GBP,	
  
	
  	
  	
  	
  	
  weighted	
  mini-­‐bucket,	
  cost-­‐shiMing)	
  	
  
n  Bounding	
  Search	
  (Sampling)	
  
n  Any:me	
  algorithms	
  
n  Op:miza:on:	
  Tailoring	
  solvers	
  to	
  instance	
  
n  Recent	
  algorithmic	
  development	
  
n  Summary	
  

Exact algorithms 

Approximations 
Anytime 

New work 



n  A	
  graphical	
  model	
  	
  (X,D,F):	
  
¨  X	
  =	
  {X1,…Xn}	
   	
  variables	
  
¨  D	
  =	
  {D1,	
  …	
  Dn}	
   	
  domains	
  
¨  F	
  =	
  {f1,…,fr} 	
  func:ons	
  

	
  (constraints,	
  CPTS,	
  CNFs	
  …)	
  

n  Operators: 	
  	
  
¨  combina:on	
  :	
  Sum,	
  product,	
  join

	
   	
  	
  
¨  Elimina:on:	
  projec:on,	
  sum,	
  max/min	
  

n  Tasks:	
  
¨  Belief	
  updaGng:	
  ΣX-­‐y	
  ∏j	
  Pi	
  	
  
¨  MPE:	
  maxX	
  ∏j	
  Pj	
  
¨  CSP:	
  ∏X	
  ×j	
  Cj	
  
¨  Max-­‐CSP:	
  minX	
  Σj	
  Fj	
  

Graphical	
  Models	
  

)(   :   CAFfi +==

A 

D 

B C 

E 

F 

q  All these tasks are NP-hard 
q  exploit problem structure 
q  identify special cases 
q  approximate 

A C F P(F|A,C) 
0 0 0 0.14 
0 0 1 0.96 
0 1 0 0.40 
0 1 1 0.60 
1 0 0 0.35 
1 0 1 0.65 
1 1 0 0.72 
1 1 1 0.68 

Conditional Probability 
Table (CPT) 

Primal graph 
(interaction graph) 

A C F 
red green blue 
blue red red 
blue blue green 

green red blue 

Relation 



Queries	
  

n  OpGmizaGon	
  Queries:	
  MAP/MPE	
  queries:	
  

	
  
n  Likelihood	
  queries:	
  (counGng,	
  parGGon	
  funcGon,	
  

marginal,	
  probability	
  of	
  evidence)	
  

n  Marginal	
  MAP:	
  

	
  

 max (B)  max (A) 

 sum (B)  sum (A) 

∏=
α

αϕ
xxxAB

BA

x
,

* maxarg

∑∏=
BA xx x

Z
, α

αϕ

BAX ∪=

∑=
α

αϕ
xxxAB

BA

x
,

* minarg

 max (B)  sum (A) 

x�
B = arg max

xB

�

xA

⇥

�

�(x�)

•  Marginalize (sum) away variables A, then 
find optimal configuration of variables B 

Also satisfiability and expected utility 



Tree-­‐solving	
  is	
  Easy	
  

Belief updating 
(sum-prod) 

MPE (max-prod) 

CSP – consistency 
(projection-join) 

#CSP (sum-prod) 

P(X) 

P(Y|X) P(Z|X) 

P(T|Y) P(R|Y) P(L|Z) P(M|Z) 

)(XmZX

)(XmXZ

)(ZmZM)(ZmZL
)(ZmMZ)(ZmLZ

)(XmYX

)(XmXY

)(YmTY

)(YmYT
)(YmRY

)(YmYR

Trees are processed in linear time and memory 
Message-passing 
 

Dynamic Programming, 
Inference 



Inference	
  vs	
  condi:oning-­‐search	
  	
  
Inference 
 
exp(w*) time/space 

A 

D 

B C 

E 

F 
0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

E 

C 

F 

D 

B 

A 0 1 Search 
Exp(n) time 
O(n) space 

E K 

F 

L 

H 

C 

B 
A 

M 

G 

J 

D 
ABC 

BDEF 

DGF 

EFH 

FHK 

HJ KLM 

A=yellow A=green 

B=blue B=red B=blue B=green 

C 
K 

G 

L D 

F H 

M 

J 

E A C 
B K 

G 

L D 

F H 

M 

J 

E 

C 
K 

G 

L D 

F H 

M 

J 

E 
C 

K 

G 

L D 

F H 

M 

J 

E 
C 

K 

G 

L D 

F H 

M 

J 

E 
Search+inference: 
Space: exp(w) 
Time: exp(w+c(w)) 

w: user 
controlled 



Inference	
  vs	
  condi:oning-­‐search	
  	
  
Inference 
 
exp(w*) time/space 

A 

D 

B C 

E 

F 
0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

E 

C 

F 

D 

B 

A 0 1 Search 
Exp(w*) time 
O(w*) space 

E K 

F 

L 

H 

C 

B 
A 

M 

G 

J 

D 
ABC 

BDEF 

DGF 

EFH 

FHK 

HJ KLM 

A=yellow A=green 

B=blue B=red B=blue B=green 

C 
K 

G 

L D 

F H 
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J 

E A C 
B K 

G 

L D 

F H 
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E 

C 
K 

G 

L D 

F H 

M 

J 

E 
C 

K 

G 

L D 

F H 

M 

J 

E 
C 

K 

G 

L D 

F H 

M 

J 

E 
Search+inference: 
Space: exp(q) 
Time: exp(q+c(q)) 

q: user 
controlled 

Context minimal AND/OR search graph 

18 AND nodes 

A OR 
0 AND 
B OR 

0 AND 
OR E 

OR F F 
AND 0 1 

AND 0 1 

C 

D D 

0 1 

0 1 

1 
E C 

D D 
0 1 

1 
B 

0 
E 

F F 
0 1 

C 
1 

E C 



Inference 



	
  	
  Query	
  1:	
  Belief	
  upda:ng:	
  P(X|evidence)=?	
  

“Moral” graph 

A 

D E 

C B 

P(a|e=0) ∝P(a,e=0)= 

∑
= bcde ,,,0

P(a)P(b|a)P(c|a)P(d|b,a)P(e|b,c) 

∑
=0e

P(a) ∑
d

),,,( ecdahB

∑
b

P(b|a)P(d|b,a)P(e|b,c) 

B C 

E D 

Variable 
Elimination 

P(c|a ∑
c



	
  	
  
Query	
  2:	
  Finding	
  MPE	
  by	
  Bucket	
  Elimina:on	
  	
  
	
  	
  

∏Xmax

OPT 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

e)(a,h ED→

(a)h AE→

e)c,d,(a,h CB→

e)d,(a,h DC→

),|(),|()|()|()(max
             

,,,,
cbePbadPabPacPaPMPE

bcdea
=

 Algorithm BE-mpe  (Dechter 1996, Bertele and Briochi, 1977) 



Genera:ng	
  the	
  MPE-­‐tuple	
  

 C:  

 E:  

P(b|a)   P(d|b,a)   P(e|b,c) B:  

 D:  

A:   P(a) 

 P(c|a) 

 e=0 e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

(a)hP(a)max arga'  1. E

a
⋅=

0e'  2. =

)e'd,,(a'hmax argd'   3. C

d
=

)e'c,,d',(a'h
)a'|P(cmax argc'   4.

B
c

×

×=

       

)c'b,|P(e')a'b,|P(d'
)a'|P(bmax argb'  5.

b
××

×=
     

)e',d',c',b',(a'   Return



Genera:ng	
  the	
  MPE-­‐tuple	
  

 C:  

 E:  

P(b|a)   P(d|b,a)   P(e|b,c) B:  

 D:  

A:   P(a) 

 P(c|a) 

 e=0 e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

(a)hP(a)max arga'  1. E

a
⋅=

0e'  2. =

)e'd,,(a'hmax argd'   3. C

d
=

)e'c,,d',(a'h
)a'|P(cmax argc'   4.

B
c

×

×=

       

)c'b,|P(e')a'b,|P(d'
)a'|P(bmax argb'  5.

b
××

×=
     

)e',d',c',b',(a'   Return

Time and space exponential in the 
induced-width / treewidth 

O(n​𝒌↑𝒘∗+𝟏 ) 



Exact	
  Inference	
  solvers	
  at	
  UCI	
  
n  BE	
  (Bucket	
  Elimina:on)	
  
n  BEEM	
  BE	
  with	
  External	
  Memory,	
  (UAI	
  2010)	
  	
  
n  IGVO	
  (Itera:ve	
  Greedy	
  Variable	
  Ordering,	
  
AAAI	
  2011)	
  



Search 



OR	
  Search	
  Tree	
  

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 

D 

F 

E 

B 

A 0 1 

A 

E 

C 

B 

F 

D 

A B C RABC 
0 0 0 1 
0 0 1 1 
0 1 0 0 
0 1 1 1 
1 0 0 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 

A B E RABE 
0 0 0 1 
0 0 1 0 
0 1 0 1 
0 1 1 1 
1 0 0 0 
1 0 1 1 
1 1 0 1 
1 1 1 0 

A E F RAEF 
0 0 0 0 
0 0 1 1 
0 1 0 1 
0 1 1 1 
1 0 0 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 

B C D RBCD 
0 0 0 1 
0 0 1 1 
0 1 0 1 
0 1 1 0 
1 0 0 1 
1 0 1 0 
1 1 0 1 
1 1 1 1 



AND/OR	
  vs.	
  OR	
  Spaces	
  

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 

D 

F 

E 

B 

A 0 1 

OR	
  

AND	
  

OR	
  

AND	
  

OR	
  

OR	
  

AND	
  

AND	
  

A	
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E	
  

F	
   F	
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   1	
   0	
   1	
  

0	
   1	
  

C	
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   D	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

1	
  

E	
  

F	
   F	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

C	
  

D	
   D	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

1	
  

B	
  

0	
  

E	
  

F	
   F	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

C	
  

D	
   D	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

1	
  

E	
  

F	
   F	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

C	
  

D	
   D	
  

0	
   1	
   0	
   1	
  

0	
   1	
  

A	
  

E	
  

C	
  

B	
  

F	
  

D	
  
A	
  

D	
  

B	
  

E	
  C	
  

F	
  

54	
  nodes	
  

126	
  nodes	
  

Time  O( ​𝒏𝒌↑𝒉 ) 
Space O(n) 
height is bounded by (log n) w* 



AND/OR	
  Tree	
  DFS	
  Algorithm	
  (Belief	
  Upda:ng)	
  

AND node: product 

OR node: Marginalization by summation 

Value of node = updated belief for sub-problem below 

0 

A 

B 

0 

E 

OR 

AND 

OR 

AND 

OR 

AND 

C 

0 

OR 

AND 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

B 

0 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

A 

D 

B C 

E 

A 

D 

B 

C E 

B C D=0 D=1 
0 0 .2 .8 
0 1 .1 .9 
1 0 .3 .7 
1 1 .5 .5 

),|( CBDP

.7 .8 .9 .5 .7 .8 .9 .5 

Evidence: D=1 

A B E=0 E=1 
0 0 .4 .6 
0 1 .5 .5 
1 0 .7 .3 
1 1 .2 .8 

),|( BAEP

Evidence: E=0 

.4 .5 .7 .2 

A B=0 B=1 
0 .4 .6 
1 .1 .9 

)|( ABP
A C=0 C=1 
0 .2 .8 
1 .7 .3 

)|( ACP
A P(A) 
0 .6 
1 .4 

)(AP

.2 .8 .2 .8 .1 .9 .1 .9 

.4 .6 .1 .9 

.6 .4 

.8 .9 

.8 .9 

.7 .5 

.7 .5 

.8 .9 

.8 .9 

.7 .5 

.7 .5 

.4 .5 .7 .2 .88 .54 .89 .52 

.352 .27 .623 .104 

.3028 .1559 

.24408 

.3028 .1559 

Result:   P(D=1,E=0) 



AND/OR	
  Tree	
  Search	
  for	
  Op:miza:on	
  

A 

0 

B 

0 

E 

F F 

0 1 0 1 

OR 

AND 

OR 

AND 

OR 

OR 

AND 

AND 0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

A 

E 

C 

B 

F 

D 

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A C f2 
0 0 3 
0 1 0 
1 0 0 
1 1 1 

A E f3 
0 0 0 
0 1 3 
1 0 2 
1 1 0 

A F f4 
0 0 2 
0 1 0 
1 0 0 
1 1 2 

B C f5 
0 0 0 
0 1 1 
1 0 2 
1 1 4 

B D f6 
0 0 4 
0 1 2 
1 0 1 
1 1 0 

B E f7 
0 0 3 
0 1 2 
1 0 1 
1 1 0 

C D f8 
0 0 1 
0 1 4 
1 0 0 
1 1 0 

E F f9 
0 0 1 
0 1 0 
1 0 0 
1 1 2 

5 6 4 2 3 0 2 2 

5 2 0 2 

5 2 0 2 

3 3 

6 

5 

5 

5 

3 1 3 5 

2 

2 4 1 0 3 0 2 2 

2 0 0 2 

2 0 0 2 

4 1 

5 

5 4 1 3 

0 

0 

1 

B 

0 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

5 6 4 2 1 2 0 4 2 4 1 0 1 2 0 4 

6 4 

7 

7 

5 2 1 0 2 0 1 0 

5 2 1 0 2 0 1 0 

4 2 4 0 

0 

0 2 5 2 2 5 3 0 

1 4 

A 

D 

B 

E C 

F 

AND node = Combination operator (summation) 

( )∑ =

9

1
min :Goal

i iX Xf

OR node = Marginalization operator (minimization) 



AND/OR	
  Search	
  Graph	
  

A 

E 

C 

B 

F 

D 

A 

D 

B 
E C 
F 

A B C RABC 
0 0 0 1 
0 0 1 1 
0 1 0 0 
0 1 1 1 
1 0 0 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 

A B E RABE 
0 0 0 1 
0 0 1 0 
0 1 0 1 
0 1 1 1 
1 0 0 0 
1 0 1 1 
1 1 0 1 
1 1 1 0 

A E F RAEF 
0 0 0 0 
0 0 1 1 
0 1 0 1 
0 1 1 1 
1 0 0 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 

B C D RBCD 
0 0 0 1 
0 0 1 1 
0 1 0 1 
0 1 1 0 
1 0 0 1 
1 0 1 0 
1 1 0 1 
1 1 1 1 

Constraint Satisfaction – Counting 
Solutions 

[ ] 

[A] 

[AB] 

[AE] [BC] 

[AB] 

Context 

pseudo tree 

context minimal graph 

A OR 

0 AND 

B OR 

0 AND 

OR E 

OR 

AND 

AND 0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

1 

B 

0 

E 

F F 

0 1 0 1 

0 1 

C 

0 1 

1 

E 

0 1 

C 

0 1 



27 

All	
  Four	
  Search	
  Spaces	
  

Full OR search tree  

126 nodes 

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 
D 

F 
E 

B 
A 0 1 

Full AND/OR search tree 

54 AND nodes 

A OR 
0 AND 
B OR 

0 AND 

OR E 

OR F F 

AND 0 1 0 1 

AND 0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

1 

B 

0 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

Context minimal OR search graph 

28 nodes 

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 

0 1 

0 1 0 1 

0 1 0 1 

C 
D 

F 
E 

B 
A 0 1 

Context minimal AND/OR search graph 

18 AND nodes 

A OR 
0 AND 
B OR 

0 AND 
OR E 

OR F F 
AND 0 1 

AND 0 1 

C 

D D 

0 1 

0 1 

1 

E C 

D D 

0 1 

1 

B 

0 

E 

F F 

0 1 

C 
1 

E C 

A	
  

E	
  

C	
  

B	
  

F	
  

D	
  

Any query is best computed 
Over the c-minimal AO space 

AND/OR	
  graph OR	
  graph 

Space O(n	
  kw*) O(n	
  kpw*) 

Time O(n	
  kw*) O(n	
  kpw*) 

Computes any query: 
•  MAP/MPE 
•  Likelihood (p(evidence) 
•  Marginal MAP 
 



The	
  impact	
  of	
  the	
  pseudo-­‐tree	
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0 1 
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N N 

0 1 0 1 
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0 1 
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0 1 
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0 1 
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0 1 
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0 1 

O 
0 1 
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0 1 
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0 1 

D 
0 1 

D 
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0 

H 
0 
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0 1 0 1 
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A 
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E E E E 
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J J J J 
0 1 0 1 
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0 1 
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0 1 0 1 

E E E E 
0 1 0 1 

J J J J 
0 1 0 1 

P 
0 1 

P 
0 1 

O 
0 1 

O 
0 1 

O 
0 1 

O 
0 1 

L 
0 1 

N N 
0 1 0 1 

P 
0 1 

P 
0 1 

O 
0 1 

O 
0 1 

O 
0 1 

O 
0 1 

D 
0 1 

D 
0 1 

D 
0 1 

D 
0 1 

B A 

C 
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What is a 
good pseudo-
tree? 
How to find a 
good  one? 

W=4,h=8 

W=5,h=6 

Min-Fill 
(Kjaerulff90) 
 

Hypergraph 
 Partitioning 
(h-Metis) 

•  Optimization 
•  Choose pseudo-tree with a minimal search 

graph 
•  But determinism is unpredictable 
•  And pruning by BnB is even more 

unpredictable 



The	
  Effect	
  of	
  Constraint	
  Propaga:on	
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Search + Inference 



W-­‐Cutset	
  condiGoning	
  +	
  inference.	
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•  Inference may require too much memory 

•  Condition on some of the variables 
A 

C 

B K 

G 

L 
D 

F 
H 

M 

J 

E 

Graph 
Coloring 
problem 

Time exp in cycle-cutset 
Memory-linear 



Search+Inference	
  :	
  
Trading	
  Space	
  for	
  Time	
  

n  AO(j):	
  searches	
  depth-­‐first,	
  cache	
  i-­‐context	
  	
  
¨ j	
  =	
  the	
  max	
  scope-­‐size	
  of	
  a	
  cache	
  table.	
  

i=0 i=w* 

Space:  O(n)  

Time:  O(n​𝒌↑w∗  log  n ) 

Space:  O( ​𝒏𝒌↑𝒘∗ )  

Time:  O( ​𝒏𝒌↑𝒘∗+𝟏 ) Space:  O( ​𝒏𝒌↑𝒋 ) 

Time:  O( ​𝒏𝒌↑𝒋+ ​𝒎↓𝒋   ) 

i=j 



Search	
  solvers	
  at	
  UCI	
  
n  MAP	
  solvers	
  (AND/OR	
  Branch	
  and	
  Bound):	
  

¨ AOBB,	
  AOBF(i-­‐bound	
  using	
  MBE),	
  (Marinescu,	
  2009)	
  
¨ BRAOBB(i-­‐bound,	
  MPLP,JGLP),	
  (Ohen	
  2013)	
  
¨ Distributed/parallel	
  AOBB	
  (Ohen	
  2013)	
  

n  Likelihood	
  solvers:	
  
¨ VEC(i):	
  Variable	
  elimina:on	
  and	
  condi:oning	
  (Gogate,	
  
2009).	
  

¨ Aolib	
  (AND/OR	
  search	
  for	
  likelihood,	
  (Mateescu	
  2007)	
  

n  Marginal-­‐MAP	
  (new	
  )	
  
¨ AOBB-­‐JG,	
  AOBB-­‐MM:	
  AND/OR	
  search+	
  weighted	
  mini-­‐
bucket	
  and	
  cost-­‐shiMing,	
  (Submihed	
  to	
  UAI	
  2014,	
  
Marinescu,	
  Dechter	
  and	
  Ihler)	
  



Approximate 
Inference 



Loopy	
  Belief	
  Proapaga:on	
  

n  Belief	
  propaga:on	
  is	
  exact	
  for	
  poly-­‐trees	
  
n  Loopy	
  BP	
  -­‐	
  applying	
  BP	
  itera:vely	
  to	
  cyclic	
  networks	
  

n  No	
  guarantees	
  for	
  convergence	
  
n  Works	
  well	
  for	
  many	
  coding	
  networks	
  

)( 11
uXλ

1U 2U 3U

2X1X

)( 12
xUπ

)( 12
uXλ

)( 13
xUπ) BEL(U

 update  
:step One

1

P(X) 

P(Y|X) P(Z|X) 

P(T|Y) P(R|Y) P(L|Z) P(M|Z) 

)(XmZX

)(ZmMZ)(ZmLZ

)(XmYX

)(YmTY )(YmRY



IteraGve	
  Join-­‐graphs	
  PropagaGon	
  (IJGP:	
  kask,	
  
(Dechter	
  and	
  Mateescue,	
  2003),	
  (GBP:	
  yedidya	
  et.	
  Al.,	
  2002….)	
  

A 

ABDE 

FGI 

ABC 

BCE 

GHIJ 

CDEF 

FGH 

C 

H 

A 

AB BC 

C 
DE CE 

H 

F 
F GH 

GI 

ABCDE 

FGI 

BCE 

GHIJ 

CDEF 

FGH 

BCE 

D CE 

F 
F GH 

GI 

ABCDE 

FGHI GHIJ 

CDEF 

CDE 

F 

GHI 

more accuracy 

less complexity 

JG(3) JG(4) Join-tree =Tree-Decomposition 

i-Bounded join-graph 



Mini-­‐Bucket	
  Elimina:on	
  	
  

A 

B C 

D 

E 

P(A) 

P(B|A) P(C|A) 

P(E|B,C) 

P(D|A,B) 

Bucket B 

Bucket C 

Bucket D 

Bucket E 

Bucket A 

P(B|A) P(D|A,B) P(E|B,C) 

P(C|A) 

E = 0 

P(A) 

maxB∏ 

hB (A,D) 

MPE* is an upper bound on MPE --U 
Generating a solution yields a lower bound--L 

maxB∏ 

hD (A) 

hC (A,E) 

hB (C,E) 

hE (A) 
W=2 

Node duplication, renaming 



Mini-Buckets Mini-Cluster Tree Pairwise Model 

Mini-­‐bucket	
  and	
  mini-­‐clustering	
  
	
   n  Complexity:	
  	
  O(r	
  exp(i))	
  	
  :me	
  	
  and	
  O(exp(i))	
  

space.	
  
n  As	
  i	
  increases,	
  both	
  accuracy	
  and	
  complexity	
  

increase.	
  
n  Applicable	
  to	
  all	
  queries.	
  
n  Weighted	
  mini-­‐bucket	
  for	
  op:miza:on	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  



Tightening	
  Bounds	
  via	
  cost-­‐shiMing	
  
	
  

n  Decompose	
  graph	
  into	
  smaller	
  subproblems	
  
n  Solve	
  each	
  independently;	
  op:mis:c	
  bound	
  
n  Exact	
  if	
  all	
  copies	
  agree	
  

Original Decomposition 



Decomposi:on	
  view	
  

n  Decompose	
  graph	
  into	
  smaller	
  subproblems	
  
n  Solve	
  each	
  independently;	
  op:mis:c	
  bound	
  
n  Exact	
  if	
  all	
  copies	
  agree	
  
n  Enforce	
  lost	
  equality	
  constraints	
  via	
  Lagrange	
  mul:pliers	
  

Original Decomposition 



Factor	
  graph	
  Linear	
  Programming	
  
n  Update the original factors (FGLP) 

¨  Tighten all factors over over xi simultaneously 
¨  Compute max-marginals 
¨  & update: 

 

	
  



Join-­‐graph	
  based	
  cost-­‐shiMing	
  
(Ihler,	
  Flerova,	
  Dechter,	
  Ohen,	
  UAI	
  2012)	
  
	
  

Bucket B 

Bucket C 

Bucket D 

Bucket E 

Bucket A 

P(B|A) P(D|A,B) P(E|B,C) 

P(C|A) 

E = 0 

P(A) 

maxB∏ 

hB (A,D) 

maxB∏ 

hC (A,E) 

hB (C,E) Join Graph 

hD (A) hE (A) 



Bounded	
  Inference	
  solvers	
  at	
  UCI	
  
n  BP,	
  IJGP(i-­‐bound):	
  (Mateescue	
  et.	
  Al,	
  2002,	
  2010,	
  
Gogate)	
  

n  Bounding	
  schemes:	
  	
  
¨ MB(i-­‐bound),	
  	
  
¨ weighted-­‐MB(i)	
  (Ihler,	
  2012)	
  	
  
¨ FGLP	
  (Ihler,	
  2012)	
  
¨  JGLP(i-­‐bound)	
  (Ihler	
  2012)	
  

n  Bounding	
  schemes	
  provide	
  heuris:c	
  for	
  AND/OR	
  
search	
  	
  



Approximate Search: 
Sampling 
stochastic local search 



Sampling	
  and	
  Local	
  Search	
  at	
  UCI	
  
n  Likelihood	
  queries:	
  

¨ W-­‐cutset	
  sampling	
  (Gibbs	
  and	
  importance)	
  
¨ SampleSearch	
  (Importance	
  sampling)	
  
¨ AND/OR	
  sampling	
  (Importance	
  sampling)	
  
¨ Hybrid	
  of	
  all	
  (Importance	
  sampling)	
  

n MAP/MPE	
  
¨ GLS+	
  (Huher	
  et.	
  al.,	
  2005)	
  
¨ STLS	
  (Stochas:c	
  tree	
  local	
  search,	
  Milchgrub	
  and	
  
Dechter,	
  submihed)	
  

Codes	
  by	
  Gogate	
  2009	
  



Outline	
  
n  What	
  are	
  graphical	
  models?	
  Queries	
  
n  Inference	
  
n  Search;	
  	
  via	
  AND/OR	
  search	
  
n  Time	
  vs	
  space,	
  search	
  vs	
  inference	
  	
  
n  Bounding	
  	
  inference	
  (BP,	
  GBP,	
  mini-­‐bucket	
  Varia:onal)	
  	
  
n  Bounding	
  Search	
  (Sampling)	
  
n  Any:me	
  search	
  algorithms	
  for	
  MAP	
  
n  Op:miza:on:	
  Tayloring	
  solver	
  to	
  problem	
  
n  UCI	
  Algorithm	
  Library	
  
n  Conclusions	
  

Exact algorithms 

Approximations 



MAP	
  by	
  AND/OR	
  Branch-­‐and-­‐Bound	
  

Decomposition 
of independent 
subproblems 

Cache table 
for F (indepen- 

dent of A) 

Prune based 
on current best 

solution and 
heuristic estimate 

(mini-bucket heuristic). 

v=10+2=12 

h=14 
v=10 2 

B 
0 
0 
1 
1 

E 
0 
1 
0 
1 

cost 
10 
6 
... 
... 

[Marinescu & Dechter, AIJ'09] 



AOBB	
  +	
  Central	
  Enhancements	
  

X 
1

X 2 X 3

X 
1

X 3X 2

2 

2 

2 

‘ 

“ 

‘ 

‘ 

“ 

“ 

minλ ∑(ij) maxX(fij(Xi, Xj)+ λij(Xi), λji(Xj) ) 

Cost-­‐shi\ing	
  (MPLP)	
  
Re-­‐parametrizaGon	
  

Breadth-­‐First	
  
Subproblem	
  RotaGon	
  

Enhanced	
  Variable	
  Ordering	
  
Schemes	
  

Tighter	
  bounds	
  by	
  itera:vely	
  
solving	
  linear	
  programming	
  
relaxa:ons	
  and	
  message	
  
passing	
  on	
  join	
  graph.	
  

Improved	
  any:me	
  perfor-­‐
mance	
  through	
  interleaved	
  
processing	
  of	
  independent	
  
subproblems.	
  

Highly	
  efficient,	
  stochas:c	
  
minfill	
  /	
  mindegree	
  
implementa:ons	
  for	
  lower-­‐
width	
  orderings.	
  

+ SLS (Hutter et. Al 2005) 

(Ihler ,Flerova, Dechter, Otten, 2012, Otten and Dechter 2011,  
Kask, Gelfand, Otten, Dechter  2010) 



This year’s 
advancements 



•  (Submi1ed	
  to	
  UAI-­‐2014)	
  Improving	
  Marginal	
  Map	
  for	
  Graphical	
  Models”	
  	
  
•  Radu	
  Marinescu,	
  Rina	
  Dechter,	
  Alex	
  Ihler.	
  
•  Problem:	
  

Marginalize	
  away	
  variables	
  A,	
  then	
  and	
  Find	
  op:mal	
  	
  
configura:on	
  of	
  variables	
  B	
  

	
  A	
  New	
  Algorithm	
  for	
  Marginal	
  MAP	
  

x�
B = arg max

xB

�

xA

⇥

�

�(x�)
 max (B) 

 sum (A) 

Irvine Progress:  

Improving	
  Marginal	
  Map	
  for	
  Graphical	
  
HeurisFcs	
  generated	
  by	
  weighted	
  mini-­‐
bucket	
  and	
  moment-­‐matching	
  heurisFcs.	
  
•  Branch	
  and	
  Bound	
  	
  Search	
  of	
  AND/OR	
  

search	
  



Anytime Weighted BnB for MAP 
Paper	
  submiQed	
  to	
  ECAI-­‐2014:	
  “EvaluaFngWeighted	
  DFS	
  Branch	
  and	
  Bound	
  over	
  Graphical	
  Models”	
  
Natalia	
  Flerova,	
  Radu	
  Marinescu,	
  Rina	
  Dechter 

 
• Empirically	
  evaluaFon	
  	
  proposed	
  algorithms	
  wAOBB	
  and	
  wBRAOBB	
  against	
  Weighted	
  Best-­‐
First	
  search	
  (wAOBB)	
  and	
  Breadth-­‐First	
  AND/OR	
  Branch	
  and	
  Bound	
  (BRAOBB) 

Irvine Progress:  

Weighted AND/OR Search	
  



A	
  New	
  Tree-­‐based	
  Stochas:c	
  Local	
  search	
  for	
  MAP	
  

Problem:  
STLS: Cutest-driven Local Search for MPE” Alon Milchgrub and Rina Dechter, submitted UAI-2014 

Irvine Progress:  



Optimization: Tailoring solver 
to the problem instance 



Op:miza:on	
  
n  The	
  problem:	
  determine	
  how	
  much	
  :me	
  	
  will	
  take	
  a	
  
solver	
  𝛢(𝑝𝑎𝑟)	
  to	
  solve	
  a	
  problem	
  instance	
  c	
  

n  	
  Approaches:	
  
¨ Worst-­‐case	
  analysis	
  based	
  on	
  the	
  graph-­‐parameters	
  (tree-­‐
width),	
  :me	
  space	
  tradeoff	
  for	
  exact	
  schemes	
  

¨ Learning:	
  	
  over	
  a	
  benchmark	
  class	
  
¨ Stra:fied	
  Sampling:	
  	
  of	
  problem	
  instance	
  	
  for	
  a	
  solver	
  to	
  
es:mate	
  search	
  space.	
  



Worst-­‐Case	
  Analysis	
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Min-Fill 
(Kjaerulff90) 
 

Hypergraph 
 Partitioning 
(h-Metis) 

•  Optimization 
•  Choose pseudo-tree with 

minimal search graphs 
•  But determinism is 

unpredictable 
•  And pruning by BnB is 

unpredictable 



Learning	
  a	
  Regression	
  Model	
  for	
  Complexity	
  
Es:ma:on	
  (Ohen	
  and	
  Dechter,	
  2012)	
  

l  Number	
  of	
  nodes	
  N(n)	
  as	
  linear	
  func:on	
  of	
  
features	
  φj(n)	
  :	
  
	
  
	
  

∑= j jj nnN )()(log ϕλ

related: [Leyton-Brown, Nudelman, Shoham 2009] 



Subproblem	
  Features	
  φj(n)	
  
l  Use	
  both	
  sta:c	
  and	
  dynamic	
  characteris:cs:	
  
-  Structural,	
  
-  Subproblem	
  bounds,	
  
-  Limited	
  AOBB	
  probe.	
  
	
  



level 1 

level 2 

level 3 

Chen, P.-C. 1992. Heuristic sampling: A method 
for predicting
the performance of tree searching programs. 
SIAM
Journal on Computing  21:295–315.

Predicting Depth-First Branch and Bound Search Trees (Levi, Lars and 
Dechter, IJCAI 2013, CP-2014 submission)	
  



UCI	
  Library:	
  Summary	
  
n  Exact/any:me:	
  

¨  Likelihood:	
  BE,	
  BEEM,	
  VEC(w),	
  AOlibPE(c-­‐bound)	
  
¨  MAP:	
  VE,	
  BEEM	
  (external	
  memory/mulR-­‐core),	
  AOBB(i),	
  BRAOBB(i),	
  

DAOOPT(Distributed	
  AOBB).	
  
¨  Marginal	
  Map	
  (currently	
  developed)	
  

n  ApproximaRon/anyRme,	
  for	
  all	
  queries:	
  
¨  BP,	
  IJGP(i-­‐bound)	
  
¨  IJGP-­‐Importance	
  Sampling(i-­‐bound)	
  
¨  IJGP-­‐SampleSearch(i-­‐bound)	
  
¨  MBE	
  (mini-­‐bucket),	
  Weighted-­‐mini-­‐bucket,	
  reparameterized	
  MB	
  
¨  STLS	
  (currently	
  developed,	
  for	
  MAP)	
  

n  SupporRng	
  schemes:	
  Variable-­‐ordering	
  (IGVO)	
  



Summary	
  
n  What	
  are	
  graphical	
  models?	
  Queries	
  
n  Inference	
  
n  Search	
  
n  Time	
  vs	
  space,	
  search	
  vs	
  inference	
  	
  
n  Bounding	
  	
  inference	
  (Varia:onal:	
  BP,	
  GBP,	
  
	
  	
  	
  	
  	
  weighted	
  mini-­‐bucket,	
  cost-­‐shiMing)	
  	
  
n  Bounding	
  Search	
  (Sampling)	
  
n  Any:me	
  algorithms	
  
n  Op:miza:on:	
  Tailoring	
  solvers	
  to	
  instance	
  
n  Recent	
  algorithmic	
  development	
  
n  Summary	
  

Exact algorithms 

Approximations 
Anytime 

New work 



Thank	
  you	
  

	
  
For	
  publicaGon	
  see:	
  	
  

h]p://www.ics.uci.edu/~dechter/publicaGons.html	
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