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Sample	  ApplicaFons	  for	  Graphical	  Models	  
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A 	  B	  
red 	  green 	  	  
red 	  yellow 	  	  
green 	  red 	  	  
green 	  yellow 	  	  
yellow 	  green 	  	  
yellow	   	  red 	  	  

	   	  	  

Map	  coloring	  
	  

	  	  Variables: 	  countries	  (A	  B	  C	  etc.)	  
	  

	  	  Values:	   	  colors	  (red	  green	  blue)	  
	  

	  	  Constraints:	   	  	   ... , ED  D,  AB,A ≠≠≠

C	  

A	  

B	  

D	  
E	  

F	  
G	  

Constraint	  Networks	  	  

Constraint	  graph	  

A	  

B	  
D	  

C	  
G	  

F	  

E	  

Queries: Find one solution, all solutions, counting 
IAAI	  2012	  



	  
Bayesian	  Networks	  (Pearl	  1988)	  
	  

P(S, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B) 

lung Cancer 

Smoking 

X-ray 

Bronchitis 

Dyspnoea 
P(D|C,B) 

P(B|S) 

P(S) 

P(X|C,S) 

P(C|S) 

Θ) (G,BN =

CPD:     
C  B   P(D|C,B) 
0  0    0.1  0.9 
0  1    0.7  0.3 
1  0    0.8  0.2 
1  1    0.9  0.1 

•  Posterior marginals, probability of evidence, MPE 

•  P( D= 0) = ∑𝑆,𝐿,𝐵,𝑋↑▒P(S)·  P(C|S)·  P(B|S)·  P(X|C,S)·  P(D|C,B  
MAP(P)=  𝑚𝑎𝑥↓𝑆,𝐿,𝐵,𝑋  P(S)· P(C|S)· P(B|S)· P(X|C,S)· P(D|C,B) 

 

Combination: Product 
Marginalization: sum/max 
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Monitoring	  Intensive-‐Care	  PaFents	  
The	  “alarm”	  network	  -‐	  37	  variables,	  509	  parameters	  (instead	  of	  	  237)	  

PCWP CO 

HRBP 

HREKG HRSAT 

ERRCAUTER HR HISTORY 

CATECHOL 

SAO2 EXPCO2 

ARTCO2 

VENTALV 

VENTLUNG VENITUBE 

DISCONNECT 

MINVOLSET 

VENTMACH KINKEDTUBE INTUBATION PULMEMBOLUS 

PAP SHUNT 

ANAPHYLAXIS 

MINOVL 

PVSAT 

FIO2 
PRESS 

INSUFFANESTH TPR 

LVFAILURE 

ERRBLOWOUTPUT STROEVOLUME LVEDVOLUME 

HYPOVOLEMIA 

CVP 

BP IAAI	  2012	  
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Mixed	  Networks	  
(Mateescu	  and	  Dechter,	  2004)	  

A 

D 

B C 

E 

F 
A 

D 

B C 

E 

F 

A 

D 

B C 

E 

F 

⎪
⎩

⎪
⎨

⎧ ∈
∈

=∈
=

otherwise ,0

 if ,
)(

)()|(
)(

ρ
ρ

ρ x
xP
xPxxP

xP B

B
B

Μ

Moral mixed graph 

Belief Network Constraint Network 

B C D=0 D=1 

0 0 .2 .8 

0 1 .1 .9 

1 0 .3 .7 

1 1 .5 .5 

),|( CBDP
B C D 

0 0 1 

0 1 0 

1 1 0 

)(3 BCDR

Complex cnf queries: 
P((A or B) and (~CVD)) 
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Examples: NLP, Linkgage,  
Software verification,  
probabilistic languages 
. 



9	  

Mixed	  Probabilis>c	  and	  Determinis>c	  networks	  

P(C|W) P(B|W) 

P(W) 

P(A|W) 

W 

B A C 

Query: 
Is it likely that Chris goes to 
the party if Becky does not 
but the weather is bad? 

PN CN 

),,|,( ACBAbadwBCP →→=¬

A→B C→A 
B A C P(C|W) P(B|W) 

P(W) 

P(A|W) 

W 

B A C 
A→B C→A 

B A C 

Alex is-likely-to-go in bad weather 
Chris rarely-goes in bad weather 
Becky is indifferent but unpredictable 



n  A	  graphical	  model	  	  (X,D,F):	  
¨  X	  =	  {X1,…Xn}	   	  variables	  
¨  D	  =	  {D1,	  …	  Dn}	   	  domains	  
¨  F	  =	  {f1,…,fr} 	  funcFons	  

	  (constraints,	  CPTS,	  CNFs	  …)	  

n  Operators: 	  	  
¨  combinaFon	   	   	  	  
¨  eliminaFon	  (projecFon)	  

n  Tasks:	  
¨  Belief	  upda>ng:	  ΣX-‐y	  ∏j	  Pi	  	  
¨  MPE:	  maxX	  ∏j	  Pj	  
¨  CSP:	  ∏X	  ×j	  Cj	  
¨  Max-‐CSP:	  minX	  Σj	  Fj	  

Graphical	  Models	  

)(   :   CAFfi +==

A 

D 

B C 

E 

F 

q  All these tasks are NP-hard 
q  exploit problem structure 
q  identify special cases 
q  approximate 

A C F P(F|A,C) 
0 0 0 0.14 
0 0 1 0.96 
0 1 0 0.40 
0 1 1 0.60 
1 0 0 0.35 
1 0 1 0.65 
1 1 0 0.72 
1 1 1 0.68 

Conditional Probability 
Table (CPT) 

Primal graph 
(interaction graph) 

A C F 
red green blue 
blue red red 
blue blue green 

green red blue 

Relation 
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Outline	  
n Graphical	  models:	  reasoning	  principles	  
n  Inference	  
n  AND/OR	  Search	  
n  Inference	  vs	  Search	  
n Hybrid	  of	  search	  and	  Inference	  
n  Experiments	  



Tree-‐solving	  is	  Easy	  

Belief updating 
(sum-prod) 

MPE (max-prod) 

CSP – consistency 
(projection-join) 

#CSP (sum-prod) 

P(X) 

P(Y|X) P(Z|X) 

P(T|Y) P(R|Y) P(L|Z) P(M|Z) 

)(XmZX

)(XmXZ

)(ZmZM)(ZmZL
)(ZmMZ)(ZmLZ

)(XmYX

)(XmXY

)(YmTY

)(YmYT
)(YmRY

)(YmYR

Trees are processed in linear time and memory 
Message-passing 
 

Dynamic Programming, 
Inference 
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Clustering	  and	  Treewidth	  

E 
K 

F 

L 

H 

C 

B 
A 

M 

G 

J 

D 

ABC 

BDEF 

DGF 

EFH 

FHK 

HJ KLM 

treewidth = 4 - 1 = 3 
treewidth = (maximum cluster size) – 1 
Separator-width=2 

Inference algorithm: 
Time: exp(tree-width+1) 
Space: exp(separator-width) 
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Condi>oning	  and	  Cycle	  cutset	  

C P 

J A 

L 

B 

E 

D F M 

O 

H 

K 

G N 

C P 

J 

L 

B 

E 

D F M 

O 

H 

K 

G N 

A 

C P 

J 

L 

E 

D F M 

O 

H 

K 

G N 

B 

P 

J 

L 

E 

D F M 

O 

H 

K 

G N 

C 

Cycle cutset = {A,B,C} 

C P 

J A 

L 

B 

E 

D F M 

O 
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K 

G N 

C P 

J 

L 

B 
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D F M 

O 
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K 

G N 

C P 
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E 

D F M 

O 

H 

K 

G N 

C P 

J A 

L 

B 

E 

D F M 

O 

H 

K 

G N 



Search	  over	  the	  Cutset	  (cont)	  

A=yellow A=green 

B=red B=blue B=red B=blue B=green B=yellow 

C 

K 

G 

L 
D 

F 
H 

M 

J 

E 

C 

K 

G 

L 
D 

F 
H 

M 

J 

E 

C 

K 

G 

L 
D 

F 
H 

M 

J 

E 

C 

K 

G 

L 
D 

F 
H 

M 

J 

E 

C 

K 

G 

L 
D 

F 
H 

M 

J 

E 

C 

K 

G 

L 
D 

F 
H 

M 

J 

E 

•  Inference may require too much memory 

•  Condition on some of the variables 
A 

C 

B K 

G 

L 
D 

F 
H 

M 

J 

E 

Graph 
Coloring 
problem 



Inference	  vs.	  Condi>oning	  	  

n  By	  Inference	  (thinking)	  

E K 

F 

L 
H 

C 

B A 

M 

G 

J 

D 
ABC 

BDEF 

DGF 

EFH 

FHK 

HJ KLM 

n  By Conditioning (guessing) 

Exponential in treewidth 
Time and memory 

Exponential in cycle-cutset 
Time-wise, linear memory 

A=yellow A=green 

B=blue B=red B=blue B=green 

C 
K 

G 

L D 

F H 

M 

J 

E A C 
B K 

G 

L D 

F H 

M 

J 

E 

C 
K 

G 

L D 

F H 

M 

J 

E 
C 

K 

G 

L D 

F H 

M 

J 

E 
C 

K 

G 

L D 

F H 

M 

J 

E 



SoluFon	  Techniques,	  State	  of	  the	  art	  
Search	  (CondiBoning)	  

Complete	  

Incomplete	  
Simulated	  Annealing	  
Gradient	  Descent	  

Complete	  

Incomplete	  

AdapBve	  Consistency	  
Tree	  Clustering	  

Variable	  EliminaBon	  
ResoluBon	  

Belief-‐propagaBon	  

Unit	  ResoluBon	  

Mini-‐bucket(i)	  

StochasBc	  Local	  Search	  DFS	  search	  

Branch-‐and-‐Bound	  
A*	  

Inference	  (EliminaBon)	  

Time:	  	  	  	  	  exp(treewidth)	  
Space:	  	  	  exp(treewidth)	  

Time:	  	  	  	  	  exp(n)	  
Space:	  	  	  linear	  

AND/OR	  search	  
Time:	  	  	  	  	  exp(treewidth	  *	  log	  n)	  
Space:	  	  	  linear	  
Space:	  	  	  exp(treewidth)	  
Time:	  	  	  	  	  exp(treewidth)	   Time:	  	  	  	  	  exp(pathwidth)	  

Space:	  	  	  exp(pathwidth)	  

Hybrids	  
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	  	  Belief	  updaFng:	  P(X|evidence)=?	  

A 

D E 

C B 

P(a|e=0) ∝P(a,e=0)= 

∑
= bcde ,,,0

P(a)P(b|a)P(c|a)P(d|b,a)P(e|b,c) 

∑
=0e

P(a) ∑
d

),,,( ecdahB

∑
b

P(b|a)P(d|b,a)P(e|b,c) 

B C 

E D 

Variable 
Elimination 

P(c|a ∑
c
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	  Bucket	  eliminaFon	  Algorithm	  BE-‐bel	  	  (Dechter	  1996)	  

∑∏
b

Elimination operator 

P(e=0) 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

e)(a,Dλ

(a)Eλ

e)c,d,(a,Bλ

e)d,(a,Cλ

∑
=

⋅⋅⋅⋅==
BCDE

CBEPBADPACPABPAPEAP
,,,0

),|(),|()|()|()()0|( α

A 

D E 

C B 

P(a|e=0) IAAI	  2012	  



	  	  
Inference	  for	  OpFmizaFon:	  Bucket	  EliminaFon	  	  
	  	  

∏Xmax

OPT 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

),|(),|()|()|()(max
             

,,,,
cbePbadPabPacPaPMPE

bcdea
=

 Algorithm BE-mpe  (Dechter 1996, Bertele and Briochi, 1977) 
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GeneraFng	  the	  MPE-‐tuple	  

 C:  

 E:  

P(b|a)   P(d|b,a)   P(e|b,c) B:  

 D:  

A:   P(a) 

 P(c|a) 

 e=0 e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

(a)hP(a)max arga'  1. E

a
⋅=

0e'  2. =

)e'd,,(a'hmax argd'   3. C

d
=

)e'c,,d',(a'h
)a'|P(cmax argc'   4.

B
c

×

×=

       

)c'b,|P(e')a'b,|P(d'
)a'|P(bmax argb'  5.

b
××

×=
     

)e',d',c',b',(a'   Return



CombinaFon	  of	  Probability	  FuncFons	  

A B f(A,B) 

b b 0.4 

b g 0.1 

g b 0 

g g 0.5 

B C f(B,C) 

b b 0.2 

b g 0 

g b 0 

g g 0.8 
A B C f(A,B,C) 

b b b 0.1 

b b g 0 

b g b 0 

b g g 0.08 

g b b 0 

g b g 0 

g g b 0 

g g g 0.4 

= 0.1   x 0.8 



Complexity	  of	  EliminaFon	  

))((exp ( * dwnO
ddw  ordering along graph moral of  widthinduced the)(* −

The effect of the ordering: 

4)( 1
* =dw 2)( 2

* =dw“Moral” graph 

A 

D E 

C B 

B 

C 

D 

E 

A 

E 

D 

C 

B 

A 
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Bucket	  EliminaFon	  

A	  

f(A,B)	  B	  

f(B,C)	  C	   f(B,F)	  F	  

f(A,G)	  
f(F,G)	  

G	  f(B,E)	  
f(C,E)	  

E	  f(A,D)	  
f(B,D)	  
f(C,D)	  

D	  

hG	  (A,F)	  

hF	  (A,B)	  

hB	  (A)	  

hE	  (B,C)	  hD	  (A,B,C)	  

hC	  (A,B)	  

A	   B	  

C	  D	  

E	  

F	  

G	  

A	  

B	  

C	   F	  

G	  D	   E	  

Ordering:	  (A,	  B,	  C,	  D,	  E,	  F,	  G)	  

=+++++

+++++

),(),(),(),(),(),(
),(),(),(),(),(min ,,,,,,

gffgaffbfecfebfdcf
dbfdafcbfdafbafgfedcba

Messages 
Finding max Assignment 

argmax 



Tree-‐solving	  is	  Easy	  

Belief updating 
(sum-prod) 

MPE (max-prod) 

CSP – consistency 
(projection-join) 

#CSP (sum-prod) 

P(X) 

P(Y|X) P(Z|X) 

P(T|Y) P(R|Y) P(L|Z) P(M|Z) 

)(XmZX

)(XmXZ

)(ZmZM)(ZmZL
)(ZmMZ)(ZmLZ

)(XmYX

)(XmXY

)(YmTY

)(YmYT
)(YmRY

)(YmYR

Trees are processed in linear time and memory 
Message-passing 
 

Dynamic Programming, 
Inference 
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Bounded	  Inference	  
n  Overview:	  Bayesian	  networks	  and	  algorithms	  
n  Exact	  Inference	  
n  Bounded-‐inference	  

¨ Mini-‐buckets,	  mini-‐clusters	  
¨ Belief	  propagaFon,	  Generalized	  belief	  propagaFon	  

n  Search	  
n  Sampling	  
n  Hybrid	  of	  search	  and	  inference	  
n  Modeling	  and	  learning	  
n  Sogware	  

Complete	  

Incomplete	  
Simulated	  Annealing	  

Gradient	  Descent	  

Complete	  

Incomplete	  

AdapBve	  Consistency	  

Tree	  Clustering	  

Variable	  EliminaBon	  

ResoluBon	  

Local	  Consistency	  

Unit	  ResoluBon	  

Mini-‐bucket(i)	  

StochasBc	  Local	  Search	  DFS	  search	  

Branch-‐and-‐Bound	  

A*	  
Hybrids	  



Two	  Principles	  for	  Bounded	  Inference	  

n  Bounded-‐Par>>oning	  
¨  mini-‐bucket(i),	  MC(i)	  
¨  Computes	  a	  bound	  
¨  Exp(i)	  >me,	  space	  

n  Belief	  propaga>on	  	  
¨  Loopy	  BP	  	  
¨  No	  guarantees,	  unless	  constraint	  

propaga>on	  
n  Generalized	  BP	  

¨  IJGP(i)	  
¨  Each	  itera>on	  is	  	  exp(i)	  

XX gh ≤

)( 11
uXλ

1U 2U 3U

2X1X

)( 12
xUπ

)( 12
uXλ

)( 13
xUπ



Outline	  
n Graphical	  models	  and	  reasoning	  principles	  
n  Inference	  
n  AND/OR	  Search	  
n  Inference	  vs	  Search	  
n Hybrid	  of	  search	  and	  Inference	  
n  Experiments	  



The	  Search	  Space	  

( ) ( )∑
=

Χ=Χ
9

1i
iff

A	  

E	  

C	  

B	  

F	  

D	  

ObjecBve	  funcBon:	  

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A	   C	   f2	  
0	   0	   3	  
0	   1	   0	  
1	   0	   0	  
1	   1	   1	  

A	   E	   f3	  
0	   0	   0	  
0	   1	   3	  
1	   0	   2	  
1	   1	   0	  

A	   F	   f4	  
0	   0	   2	  
0	   1	   0	  
1	   0	   0	  
1	   1	   2	  

B	   C	   f5	  
0	   0	   0	  
0	   1	   1	  
1	   0	   2	  
1	   1	   4	  

B	   D	   f6	  
0	   0	   4	  
0	   1	   2	  
1	   0	   1	  
1	   1	   0	  

B	   E	   f7	  
0	   0	   3	  
0	   1	   2	  
1	   0	   1	  
1	   1	   0	  

C	   D	   f8	  
0	   0	   1	  
0	   1	   4	  
1	   0	   0	  
1	   1	   0	  

E	   F	   f9	  
0	   0	   1	  
0	   1	   0	  
1	   0	   0	  
1	   1	   2	  

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 

D 

F 

E 

B 

A 0 1 



An	  OpFmal	  SoluFon	  

( ) ( )∑
=

Χ=Χ
9

1i
iff

A	  

E	  

C	  

B	  

F	  

D	  

ObjecBve	  funcBon:	  

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 

D 

F 

E 

B 

A 0 1 

3	   0	  
0	  

2	   2	  

6	  

2	  

3	  

3	   0	   2	   2	   3	   0	   2	   2	   3	   0	   2	   2	   3	   0	   2	   2	   3	   0	   2	   2	   3	   0	   2	   2	   3	   0	   2	   2	  
0	   0	   0	  2	   2	   2	   0	   2	   0	   0	   0	  2	   2	   2	  

3	   3	   3	   1	   1	   1	   1	  

8	   5	   3	   1	  

5	  

5	  

1	   0	   1	   1	   1	  0	   0	   0	   1	   0	   1	   1	   1	  0	   0	   0	  

2	   2	   2	   2	   0	   0	   0	   0	  

7	   4	   2	   0	  

7	   4	  

7	  

5	  
0	   0	  

3	   5	   3	   5	   3	   5	   3	   5	   1	   3	   1	   3	   1	   3	   1	   3	  

5	   6	   4	   2	   2	   4	   1	   0	  

3	   1	  

2	  

5	   4	  

0	  

1	   2	   0	   4	   1	   2	   0	   4	   1	   2	   0	   4	   1	   2	   0	   4	   1	   2	   0	   4	   1	   2	   0	   4	   1	   2	   0	   4	   1	   2	   0	   4	  

5	   2	   5	   2	   5	   2	   5	   2	   3	   0	   3	   0	   3	   0	   3	   0	  

5	   6	   4	   2	   2	   4	   1	   0	  

0	   2	   2	   5	  

0	   4	  

An	  opBmal	  assignment	  is	  (A=0,	  B=1,	  C=1,	  D=1,	  E=0,	  F=1)	  with	  cost	  5	  

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A	   C	   f2	  
0	   0	   3	  
0	   1	   0	  
1	   0	   0	  
1	   1	   1	  

A	   E	   f3	  
0	   0	   0	  
0	   1	   3	  
1	   0	   2	  
1	   1	   0	  

A	   F	   f4	  
0	   0	   2	  
0	   1	   0	  
1	   0	   0	  
1	   1	   2	  

B	   C	   f5	  
0	   0	   0	  
0	   1	   1	  
1	   0	   2	  
1	   1	   4	  

B	   D	   f6	  
0	   0	   4	  
0	   1	   2	  
1	   0	   1	  
1	   1	   0	  

B	   E	   f7	  
0	   0	   3	  
0	   1	   2	  
1	   0	   1	  
1	   1	   0	  

C	   D	   f8	  
0	   0	   1	  
0	   1	   4	  
1	   0	   0	  
1	   1	   0	  

E	   F	   f9	  
0	   0	   1	  
0	   1	   0	  
1	   0	   0	  
1	   1	   2	  

),(),(),(),(),(),(),(),(min 87654321,,,,,
fefdcfebfdbfcbffafcafbaf

fedcba
+++++++



The	  AND/OR	  Search	  Tree	  
A	  

E	  

C	  

B	  

F	  

D	  

A	  

D	  

B	  

E	  C	  

F	  

Pseudo	  tree	  (Freuder	  &	  Quinn85)	  

OR	  

AND	  

OR	  

AND	  

OR	  

OR	  

AND	  

AND	  

A	  

0	  

B	  

0	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

B	  

0	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  



Weighted	  AND/OR	  Search	  Tree	  

( ) ( )∑
=

Χ=Χ
9

1i
iff

A	  

E	  

C	  

B	  

F	  

D	  

ObjecBve	  funcBon:	  

A	  

D	  

B	  

E	  C	  

F	  

A	  

0	  

B	  

0	  

E	  

F	   F	  

0	   1	   0	   1	  

OR	  

AND	  

OR	  

AND	  

OR	  

OR	  

AND	  

AND	   0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

5	   6	   4	   2	   3	   0	   2	   2	  

5	   2	   0	   2	  

5	   2	   0	   2	  

3	   3	  

6	  

5	  

5	  

5	  

3	   1	   3	   5	  

2	  

2	   4	   1	   0	   3	   0	   2	   2	  

2	   0	   0	   2	  

2	   0	   0	   2	  

4	   1	  

5	  

5	   4	   1	   3	  

0	  

1	  

w(A,0)	  =	  0	   w(A,1)	  =	  0	  

Node	  Value	  
(bobom-‐up	  evaluaBon)	  

	  
OR	  –	  minimizaBon	  
AND	  –	  summaBon	  

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A	   C	   f2	  
0	   0	   3	  
0	   1	   0	  
1	   0	   0	  
1	   1	   1	  

A	   E	   f3	  
0	   0	   0	  
0	   1	   3	  
1	   0	   2	  
1	   1	   0	  

A	   F	   f4	  
0	   0	   2	  
0	   1	   0	  
1	   0	   0	  
1	   1	   2	  

B	   C	   f5	  
0	   0	   0	  
0	   1	   1	  
1	   0	   2	  
1	   1	   4	  

B	   D	   f6	  
0	   0	   4	  
0	   1	   2	  
1	   0	   1	  
1	   1	   0	  

B	   E	   f7	  
0	   0	   3	  
0	   1	   2	  
1	   0	   1	  
1	   1	   0	  

C	   D	   f8	  
0	   0	   1	  
0	   1	   4	  
1	   0	   0	  
1	   1	   0	  

E	   F	   f9	  
0	   0	   1	  
0	   1	   0	  
1	   0	   0	  
1	   1	   2	  



AND/OR	  vs.	  OR	  Spaces	  

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 

D 

F 

E 

B 

A 0 1 

OR	  

AND	  

OR	  

AND	  

OR	  

OR	  

AND	  

AND	  

A	  

0	  

B	  

0	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

B	  

0	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

1	  

E	  

F	   F	  

0	   1	   0	   1	  

0	   1	  

C	  

D	   D	  

0	   1	   0	   1	  

0	   1	  

A	  

E	  

C	  

B	  

F	  

D	  
A	  

D	  

B	  

E	  C	  

F	  

54	  nodes	  

126	  nodes	  



DFS	  algorithm	  (#CSP	  example)	  

A 

0 

B 

0 

E C 

D F D F 

0 1 0 1 0 1 0 1 

OR 

AND 

OR 

AND 

OR 

OR 

AND 

AND 0 1 0 1 

A 

D 

B C 

E 

F 

AND node: Combination operator (product) 
OR node: Marginalization operator (summation) 

A 

D 

B 

C E 

F 

1 1 1 0 1 1 0 

1 

0 

2 1 

2 

2 0 

0 

2 

1 

2 

4 

B 

1 

1 0 1 

E C E C E C 

D F D F D F D F D F D F 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 

1 0 1 0 0 1 0 

1 

0 

1 1 

1 

1 0 

0 

1 

0 

1 

1 

1 1 1 0 1 1 1 

1 

0 

2 1 

2 

2 1 

2 

4 

0 

1 

4 

1 0 1 0 0 1 1 

0 

0 

1 1 

1 

1 1 

1 

2 

1 

1 

2 

5 6 

11 

6 5 

Value of node = number of solutions below 
it 

solution 

IAAI	  2012	  



AND/OR	  Tree	  DFS	  Algorithm	  (Belief	  UpdaFng)	  

AND node: Combination operator (product) 

OR node: Marginalization operator (summation) 

Value of node = updated belief for sub-problem below 

0 

A 

B 

0 

E 

OR 

AND 

OR 

AND 

OR 

AND 

C 

0 

OR 

AND 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

B 

0 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

A 

D 

B C 

E 

A 

D 

B 

C E 

B C D=0 D=1 
0 0 .2 .8 
0 1 .1 .9 
1 0 .3 .7 
1 1 .5 .5 

),|( CBDP

.7 .8 .9 .5 .7 .8 .9 .5 

Evidence: D=1 

A B E=0 E=1 
0 0 .4 .6 
0 1 .5 .5 
1 0 .7 .3 
1 1 .2 .8 

),|( BAEP

Evidence: E=0 

.4 .5 .7 .2 

A B=0 B=1 
0 .4 .6 
1 .1 .9 

)|( ABP
A C=0 C=1 
0 .2 .8 
1 .7 .3 

)|( ACP
A P(A) 
0 .6 
1 .4 

)(AP

.2 .8 .2 .8 .1 .9 .1 .9 

.4 .6 .1 .9 

.6 .4 

.8 .9 

.8 .9 

.7 .5 

.7 .5 

.8 .9 

.8 .9 

.7 .5 

.7 .5 

.4 .5 .7 .2 .88 .54 .89 .52 

.352 .27 .623 .104 

.3028 .1559 

.24408 

.3028 .1559 

Result:   P(D=1,E=0) 

IAAI	  2012	  



Pseudo-‐Trees	  	  
(Freuder	  85,	  Bayardo	  95,	  Bodlaender	  and	  Gilbert,	  91)	  

(a) Graph 

4 6 1 

3 2 7 5 

(b) DFS tree 
depth=3 

(c) pseudo- tree 
depth=2 

(d) Chain 
depth=6 

4 6 

1 

3 

2 7 

5 2 7 

1 

4 

3 5 

6 

4 

6 

1 

3 

2 

7 

5 

m <= w* log n  

IAAI	  2012	  
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Complexity	  of	  AND/OR	  Tree	  Search	  

AND/OR tree OR tree 

Space O(n) O(n) 

Time 

O(n km) 
O(n kw* log n) 

 
[Freuder & Quinn85], [Collin, Dechter & Katz91],  
[Bayardo & Miranker95], [Darwiche01] 

O(kn) 
 

k  = domain size 
m = depth of pseudo-tree 
n  = number of variables 
w*= treewidth 

Tasks: Consistency, Counting,   
Optimization, Belief updating 
Max-expected utility, partition function 

UNL,	  April	  2009	  



From	  Search	  Trees	  to	  Search	  Graphs	  

n  Any	  two	  nodes	  that	  root	  idenFcal	  sub-‐trees	  or	  
sub-‐graphs	  can	  be	  merged	  



From	  Search	  Trees	  to	  Search	  Graphs	  

n  Any	  two	  nodes	  that	  root	  idenFcal	  sub-‐trees	  or	  
sub-‐graphs	  can	  be	  merged	  



From	  AND/OR	  Tree	  
A 

D 

B C 

E 

F 

G H 

J 

K 

A 

D 

B 

C E 

F 

G 

H 

J 

K 
A OR 

0 AND 1 

B OR B 

0 AND 1 0 1 

E OR C E C E C E C 

OR D F D F D F D F D F D F D F D F 

AND 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

OR 

OR 

AND 
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0 

G 

H H 

0 1 0 1 
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H H 

0 1 0 1 
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0 1 
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J 

K K 
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0 1 

0 

G 

H H 

0 1 0 1 
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1 

G 

H H 

0 1 0 1 
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0 

J 
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0 1 0 1 
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1 

J 
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0 1 0 1 
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0 

G 
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1 

G 
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0 1 0 1 
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0 

J 

K K 

0 1 0 1 

0 1 

1 

J 

K K 

0 1 0 1 

0 1 

0 

G 

H H 

0 1 0 1 

0 1 

1 

G 

H H 

0 1 0 1 

0 1 

0 

J 

K K 

0 1 0 1 

0 1 

1 

J 

K K 

0 1 0 1 

0 1 

0 

G 

H H 

0 1 0 1 

0 1 

1 

G 

H H 

0 1 0 1 

0 1 

0 

J 

K K 

0 1 0 1 

0 1 

1 

J 

K K 

0 1 0 1 

0 1 

0 

G 

H H 

0 1 0 1 

0 1 

1 

G 

H H 

0 1 0 1 

0 1 

0 

J 

K K 

0 1 0 1 

0 1 

1 

J 

K K 

0 1 0 1 

0 1 

0 

G 

H H 

0 1 0 1 

0 1 
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G 

H H 

0 1 0 1 
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G 
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0 
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An	  AND/OR	  Graph	  
A OR 

0 AND 1 

B OR B 

0 AND 1 0 1 

E OR C E C E C E C 

OR D F D F D F D F D F D F D F D F 

AND 

AND 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

OR 

OR 

AND 

AND 

0 

G 

H H 

0 1 0 1 

0 1 

1 

G 

H H 

0 1 0 1 

0 1 

0 

J 

K K 

0 1 0 1 

0 1 

1 

J 

K K 

0 1 0 1 

0 1 

A 

D 

B 

C E 

F 

G 

H 

J 

K 

A 

D 

B C 

E 

F 

G H 

J 

K 



Context-‐based	  Caching	  

n  Caching	  is	  possible	  when	  context	  is	  the	  same	  

n  context 	  = 	  parent-‐separator	  set	  in	  induced	  pseudo-‐graph	  
	  = 	  current	  variable	  +	  	  
	   	  parents	  connected	  to	  subtree	  below	  

	  	  

A 

D 

B C 

E 

F 

A 

D 

B 

C E 

F 

G H 

J 

K 

G 

H 

J 

K 

context(B) = {A, B} 

context(c) = {A,B,C} 

context(D) = {D} 

context(F) = {F} 



.7 .8 

AND/OR	  Graph	  DFS	  Algorithm	  (Belief	  UpdaFng)	  

0 

A 

B 

0 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

E C 

0 

D 

0 1 

1 

D 

0 1 

0 1 

1 

B 

0 

E C 

0 1 0 1 

1 

E C 

0 1 0 1 

A 

D 

B C 

E 

B C D=0 D=1 
0 0 .2 .8 
0 1 .1 .9 
1 0 .3 .7 
1 1 .5 .5 

),|( CBDP.7 .8 .9 .5 

Evidence: D=1 

A B E=0 E=1 
0 0 .4 .6 
0 1 .5 .5 
1 0 .7 .3 
1 1 .2 .8 

),|( BAEP

Evidence: E=0 

.4 .5 .7 .2 

A B=0 B=1 
0 .4 .6 
1 .1 .9 

)|( ABP
A C=0 C=1 
0 .2 .8 
1 .7 .3 

)|( ACP
A P(A) 
0 .6 
1 .4 

)(AP

.2 .8 .2 .8 .1 .9 .1 .9 

.4 .6 .1 .9 

.6 .4 

.9 

.8 .9 

.5 

.7 .5 .8 .9 .7 .5 

.4 .5 .7 .2 .88 .54 .89 .52 

.352 .27 .623 .104 

.3028 .1559 

.24408 

.3028 .1559 

A 

D 

B 

C E 

[ ] 

[A] 

[AB] 

[BC] 

[AB] 

Context 

B C Value 
0 0 .8 
0 1 .9 
1 0 .7 
1 1 .1 

Cache table for D 

Result:   P(D=1,E=0) 

IAAI	  2012	  
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All	  Four	  Search	  Spaces	  

Full OR search tree  

126 nodes 

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

0 1 0 1 

C 
D 

F 
E 

B 
A 0 1 

Full AND/OR search tree 

54 AND nodes 

A OR 
0 AND 
B OR 

0 AND 

OR E 

OR F F 

AND 0 1 0 1 

AND 0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

1 

B 

0 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

1 

E 

F F 

0 1 0 1 

0 1 

C 

D D 

0 1 0 1 

0 1 

Context minimal OR search graph 

28 nodes 

0 1 0 1 0 1 0 1 

0 1 0 1 0 1 0 1 

0 1 

0 1 0 1 

0 1 0 1 

C 
D 

F 
E 

B 
A 0 1 

Context minimal AND/OR search graph 

18 AND nodes 

A OR 
0 AND 
B OR 

0 AND 
OR E 

OR F F 
AND 0 1 

AND 0 1 

C 

D D 

0 1 

0 1 

1 

E C 

D D 

0 1 

1 

B 

0 

E 

F F 

0 1 

C 
1 

E C 

IAAI	  2012	  

A	  

E	  

C	  

B	  

F	  

D	  

Any query is best computed 
Over the c-minimal AO space 



Complexity	  of	  AND/OR	  Graph	  Search	  

AND/OR	  graph OR	  graph 

Space O(n	  kw*) O(n	  kpw*) 

Time O(n	  kw*) O(n	  kpw*) 

k	  	  =	  domain	  size	  
n	  	  =	  number	  of	  variables	  
w*=	  treewidth	  
pw*=	  pathwidth	  

w*	  ≤	  pw*	  ≤	  w*	  log	  n	  
Tasks: Consistency, Counting,   
Optimization, Belief updating 
Max-expected utility, partition function 



AOC	  –	  AdapFve	  Caching	  
n  i-‐bound	  –	  limit	  for	  cache	  size	  
n  If	  context(X)	  =	  [X1	  …	  Xk]	  and	  k>i	  then	  	  
	  i-‐context(X)	  =	  [Xk-‐i+1	  …	  Xk]	  

n  i-‐cache	  is	  purged	  when	  search	  retracts	  to	  Xk-‐i	  
cutset i-context 

[X1… Xk-i Xk-i+1 … Xk] 
 



AdapFve	  Caching	  Search	  
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Searching	  AND/OR	  Graphs	  

n  AO(j):	  searches	  depth-‐first,	  cache	  i-‐context	  	  
¨ j	  =	  the	  max	  size	  of	  a	  cache	  table	  (i.e.	  number	  of	  
variables	  in	  a	  context)	  

i=0 i=w* 

Space:  O(n)  

Time:  O(exp(w* log n)) 

Space:  O(exp w*)  

Time:  O(exp w*) 
Space:  O(exp(j) ) 

Time:  O(exp(m_j+j ) 

j 



Sampling:	  approximaFng	  search	  
n Gibbs	  Sampling:	  An	  MCMC	  approach	  
n  Likelihood	  weighFng:	  An	  importance	  sampling	  
approach	  

n  Exploit	  structure	  	  
¨ Cutset-‐sampling	  (likelihood	  and	  Gibbs)	  
¨ SamplingSearch	  (avoid	  inconsistency)	  
¨ AND/OR	  sampling	  



Outline	  
n Graphical	  models	  and	  reasoning	  principles	  
n  Inference	  
n  AND/OR	  Search	  
n  Inference	  vs	  Search	  
n Hybrid	  of	  search	  and	  Inference	  
n  Experiments	  



AND/OR	  Context	  Minimal	  Graph	  	  
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Variable Elimination 

AND/OR Search 

THEOREM	  (Mateescu	  and	  Dechter,	  2005)	  :	  	  

For	  posiBve	  models	  and	  given	  a	  
pseudo	  tree,	  AND/OR	  search	  and	  
Bucket-‐eliminaBon	  have	  the	  
performance	  

IAAI	  2012	  



AO	  vs.	  VE	  with	  Determinism	  

A=1 A=2 A=3 A=4 

B=1 B=2 B=3 B=4 

C=1 C=2 C=3 C=4 

D=1 D=2 D=3 D=4 

A=1 A=2 A=3 A=4 

B=1 B=2 B=3 B=4 

C=1 C=2 C=3 C=4 

D=1 D=2 D=3 D=4 

AND/OR Search Variable Elimination 
Backtrack-free graph 

C 

D 

B 

A 
Domains: {1, 2, 3, 4} 
 

A < B    B < C    C < D 
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The	  impact	  of	  the	  pseudo-‐tree	  	  
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Min-Fill 
(Kjaerulff90) 
 

Hypergraph 
 Partitioning 
(h-Metis) 



Outline	  
n Graphical	  models	  and	  reasoning	  principles	  
n  Inference	  
n  AND/OR	  Search	  
n  Inference	  vs	  Search	  
n Hybrid	  of	  search	  and	  Inference	  
n  Experiments	  



Outline	  
n Graphical	  models:	  reasoning	  principles	  
n  Inference	  
n  Search;	  	  via	  AND/OR	  Search	  
n Hybrid	  of	  search	  and	  Inference	  

n  AdapFve	  AND/OR	  search	  
n  Cycle-‐cutset	  +	  eliminaFon	  
n  Interleaving	  eliminaFon	  and	  condiFoning	  

n  Experiments	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  71 

Interleaving	  Cond	  and	  Elim	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  72 

Interleaving	  Cond	  and	  Elim	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  73 

Interleaving	  Cond	  and	  Elim	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  74 

Interleaving	  Cond	  and	  Elim	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  75 

Interleaving	  Cond	  and	  Elim	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  76 

Interleaving	  Cond	  and	  Elim	  



August	  2005	   Ijcai-‐05	  -‐	  Principles	  77 

Interleaving	  Cond	  and	  Elim	  

...!

...!
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Time	  vs	  space	  

•  Random Graphs (50 nodes, 200 edges, average degree 8, w*≈23)!

Branch and bound!

Bucket !
elimination!
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Searching	  AND/OR	  Graphs	  

n  AO(i):	  searches	  depth-‐first,	  cache	  i-‐context	  	  
¨ i	  =	  the	  max	  size	  of	  a	  cache	  table	  (i.e.	  number	  
of	  variables	  in	  a	  context)	  

i=0 i=w* 

Space:  O(n)  

Time:  O(exp(w* log n)) 

Space:  O(exp w*)  

Time:  O(exp w*) 
Space:  O(exp(i) ) 

Time:  O(exp(mi+i ) 

mi - AO depth of w-cutset 

i 



Outline	  
n Graphical	  models:	  the	  primary	  reasoning	  
principles	  

n  Inference	  
n  AND/OR	  Search	  Trees	  and	  Graphs	  
n  Lower	  Bounding	  heurisFcs	  for	  search	  
n  AND/OR	  Branch-‐and-‐Bound	  Search	  
n  Experiments	  and	  compeFFons	  



UAI	  2010	  evaluaFon,	  2008,	  2006	  
	  

¨ UAI-‐2010	  (first	  on	  pr	  and	  MAR,	  3rd	  on	  mpe)	  
¨ UAI-‐2006,	  2008,	  CompeFFons	  

n  PE,	  MAR,	  MPE	  tasks	  	  

¨ CP-‐2006	  CompeFFon	  
n WCSP	  task	  

¨  Daoopt:	  UCI	  Irvine	  
Summary:	  "daoopt"	  and	  "daoopt.anyFme"	  are	  based	  on	  AND/
OR	  branch	  and	  bound	  graph	  search,	  with	  mini	  bucket	  heurisFcs	  
and	  LDS	  (Limited	  Discrepancy	  Search)	  iniFalizaFon.	  
Web-‐site:	  hvp://graphmod.ics.uci.edu	  	  

We are first in Pascal 2012, so far… 
Please join 



Sogware	  
n  AND/OR	  search	  algorithms	  
n  Bucket-‐tree	  eliminaFon	  
n Generalized	  belief	  propagaFon	  
n  Samplesearch	  sampling	  	  

are	  available	  at:	  

¨ hvp://graphmod.ics.uci.edu/group/Sogware	  
	   83 IAAI	  2012	  



Thank	  you	  

Thank	  you!	  
	  

For	  publica>on	  see:	  	  
hap://www.ics.uci.edu/~dechter/publica>ons.html	  

IAAI	  2012	  

We are first in Pascal challenge 2012 (Globerson, Elidan), 
 so far…Please join 

Kalev Kask 
Irina Rish 
Bozhena Bidyuk 
Robert Mateescu 
Radu Marinescu 
Vibhav Gogate 
Emma Rollon 
Natalia Flerova 
 



SemanFcs	  of	  Mini-‐Bucket:	  Spliwng	  a	  Node	  

87 

U U 
Û 

Before Splitting: 
Network N 

After Splitting: 
Network N' 

Variables in different buckets are renamed and duplicated  
(Kask et. al., 2001), (Geffner et. al., 2007), (Choi, Chavira, Darwiche , 2007) 
 



UAI	  2010	  evaluaFon,	  2008,	  2006	  
n  Toulbar2:	  INRA	  

Summary:	  Toulbar2	  is	  an	  open	  source	  exact	  anyFme	  Weighted	  CSP	  solver	  using	  
Branch	  and	  Bound	  and	  sog	  local	  consistency	  
Team	  members:	  S.	  de	  Givry,	  D.	  Allouche,	  A.	  Favier,	  T.	  Schiex	  
Addi>onal	  contributors:	  M.	  Sanchez,	  S.	  Bouveret,	  H.	  Fargier,	  F.	  Heras,	  P.	  Jegou,	  J.	  
Larrosa,	  K.	  L.	  Leung,	  S.	  N'diaye,	  E.	  Rollon,	  C.	  Terrioux,	  G.	  Verfaillie,	  M.	  Zytnicki	  
Contact	  person:	  Thomas	  Schiex,	  Thomas.Schiex@toulouse.inra.fr	  
Detailed	  descripFon	  	  

n  Daoopt:	  UCI	  Irvine	  
Summary:	  "daoopt"	  and	  "daoopt.anyFme"	  are	  based	  on	  AND/OR	  branch	  and	  
bound	  graph	  search,	  with	  mini	  bucket	  heurisFcs	  and	  LDS	  (Limited	  Discrepancy	  
Search)	  iniFalizaFon.	  
Team	  members:	  Lars	  Oven,	  Rina	  Dechter	  	  
Addi>onal	  Contributor:	  Radu	  Marinescu	  
Contact	  person:	  Lars	  Oven,	  loven@ics.uci.edu	  
Detailed	  descripFon	  
Web-‐site:	  hvp://graphmod.ics.uci.edu	  	  

3rd in all 3 categories 
After Toolbar, Joris 

We are first in Pascal 2012, so far… 
Please join 


