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Sample Applications for Graphical Models

Computer Vision
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Figure 1: Application areas and graphical models used to represent their respective systems: (a) Finding
correspondences between images, including depth estimation from stereo; (b) Genetic linkage analysis and
pedigree data; (c) Understanding patterns of behavior in sensor measurements using spatio-temporal models.
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Figure 1: Application areas and graphical models used to represent their respective systems: (a) Finding
correspondences between images, including depth estimation from stereo; (b) Genetic linkage analysis and
pedigree data; (c) Understanding patterns of behavior in sensor measurements using spatio-temporal models.
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Outline

m What are graphical models?

m Inference I

m Search; via AND/OR search _ [ Exact algorithms

m Time vs space, search vs inference

m Bounding inference }—‘Approximations

® Anytime AND/OR branch and bound Back to exact:
Anytime schemes

B Experiments, Competitions

and conclusions

AR
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Constraint Networks

Map coloring

Combination = join

Marginalization = projection
Variables: countries (A B C etc.)

Values: colors (red green blue)

Constraints: @ A=D, D#E,..

Constraint graph

A B

red green o e

red yellow

green red ’Q

green yellow | G“
yellow green

yellow red °

@ Queries: Find one solution, all solutions, counting 5
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Bayesian Networks (Pearl 1988)
Smoking) BN = (G, ©)

P(B|S)

P(C|S)

CPD:

C B| P(D/C.B)
0.1 0.9
0.7 0.3
0.8 0.2
0.9 0.1

P(X|C,S) P(D|C,B)

P(s, C, B, X, D) = P(S) P(CIS) P(BIS) P(XIC,S) P(DIC,B)

4 P(x,..x,) =11, p(x; | pa(x,))

P(e) = Z [I.p(x, | pa(x,)) Combination: Product
Marginalization: sum/max

@ mpe = max _[], p(x, | pa(x,))

~ 00
QOO
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Monitoring Intensive-Care Patients

The “alarm” network - 37 variables, 509 parameters (instead of 237)

@ ° Los Alamos



BREN:[CS UNIVERSITY of CALIFORNIA { ) IRVINE

INFORMATION AND COMPUTER SCIENCES o

Constraint Optimization Problems
for Graphical Models

A finite COPisa triple R = <X,D,F> where :
X ={X,,...,X,} - variables

A| B |D| Cost

D ={D,,...,D, }-domains 12 (3] 3
1} 3 |2 2

F={f,,....f,}-costfunctions 2[1 (3]
2301 o

/ 251 :

f(A,B,D) has scope {A,B,D} 32]1] 0

Primal graph

F(anJchJfJg)= f,(a,b,d)+f2(d,f,g)+f3(b,c,f)
Global Cost Function

@ F(X)=ZL]C,(X) e 9
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Graphical Models

m  Agraphical model M = (X,D,F,&)
X=1{Xq,...,X,} variables
D ={D;,...,D,;} domains

F={f,...f:} functions over {S,...,.S;}

ral DR P B Sy & a AN Mo oVt

UNIVERSITY of CALIFORNIA O [RVINE

(F(0)=8, f(x,)
Gy =V, F(x)
G(» =, ® f(x,)

Conditional Probability Relation
Table (CPT)
A C F

OA Oc g red green

PR red red

TG green

5T green  red

100

1.0 1 = =

110 \ / f fl = (F =A+C )

1 1 1

A

>

Primal graph
(interaction graph)

/

S UTETIES.

Belief updating: X, [I;P,
MPE: max, [ P,

CSP: [, C

Max-CSP: minXEj F;

AR

When combine and marginalize obey
Some properties they can be solved

By the same algorithms
(Bistareli, Rossi and Montanari, 1995, Shenoy , Shafer,
1990, Kasket. Al., 2005 et. Al.)
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M IX€ d N etWO r kS Examples: NLP, Linkgage,

(Mateescu and Dechter, 2004) SOftwa’:e_ vc:)rification,
probabilistic languages

Belief Network Constraint Network

R,(BCD)
G B|C| D
P(DI|B,C) o/{0 |1
B|(C| D=0 o|j1 O
ojo| .2 111 o
0|1 A
1|o| 3 Complex cnf queries:
11| 5 P((A or B) and (~CVD))
L P.(x) .
B P,(xlxe p)=—2L ,if xe p
P,(x)={ " P, (X< p)

0, otherwise
@ Los Alamos 11
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Graphical Models

Conditional Probability Relation
®m A graphical model M = (X,D,F,&) Talzlg gCPT) A c F

red green
red red

green
green  red

\ /ffl = (F=A+0()
A

Primal graph
(interaction graph)

CFW=0, 1)

G(y)=U,_, F(x)
G(») =V, ® f(x,)

—mlalalalolioiolio
= 1IOI=1I0I=1I01=10

Reasoning Queries:
B Satisfaction

Optimization

Counting

Hybrids: optimization-counting All these tasks are NP-hard
Hybrid: Minimize expected utility - exploit problem structure

. identify special cases
- approximate

os Alamos
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Reasoning Algorithms

m By Inference (thinking)

Transform into a single, equivalent (tree) of sub-
problems

Atomic operation: inference
" f1(X) ® £ (V) —f3(X,Y)
m By Conditioning (guessing)
Transform into many (tree-like) sub-problems.
Atomic operation: assign a value f;(X=5)

@ 13 ljcai 2013
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Outline

Inference

— | Exact algorithms
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Query 1: Belief updating: p(X|evidence)=?

P(ale=0) o< P(a,e=0)=

Z P JP(Bla)P(cla)P(dib,a)P(elb,c)
——

\ l

Moral”graph— pay> 'S P(cla ZP( bla)P(d\b,a)P(elb,c)

e=0 d ¢
V\\\/\ ~ /
Variable h®(a,d,c,e)
Elimination

@ Los Alamos
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Bu Cket e I IMiI nat|0 N Algorithm BE-bel (Dechter 1996)

P(AIE=0)=a Y P(A)-P(BIA)-P(C1A)-P(D|A,B)-P(E|B,C)

E=0,D,C,B

Z H<— Elimination operator

bucket B:  P(bla) P(db,a) P(elb,c) B
N
bucket C:  P(cla) /B (a, d, c, e) G
bucket D Tl T
ucket D: A" (a, d, e) Q
bucket E: e=0 A°(a, e)
~. |, W=
bucket A: P(a) ZE (a ) ”mduce_d Wldl_‘h ”
(max clique size) @

//M _P(a,e=0)
@ﬁalww —— P(e=0)




Bucket Elimination and
Induced wWidth

w+=2
Ordering: a, b, c, d, e
bucket( ) — P(elb,c), e = O
bucket( D) — P(d|la, b)
bucket(C) = P(c|la) || P(e = O|b, c)
bucket(B) — P(bla) || Ap(a,b), Ac(b. o)
bucket(A) — P(a) || As(a)
Ordering: a, e, d, ¢, b
bucket(B) — P(e|b, )., P(d|la,b), P(bla)
bucket (') — P(cla) || Ap(a,c.d,e)
bucket( D) = || Ae(a, d. e)
bucket( FE) — e =0 || Ap(a, )
bucket(A) = P(a) || As(a) W*=4
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Query 2: Finding MPE by Bucket Elimination

Algorithm BE-mpe (Dechter 1996, Bertele and Briochi, 1977)
MPE = max P(a)P(cla)P(bla)P(d |la,b)P(elb,c)

a,e,d,c,b
max, [ |

bucket B:  P(bla) P(dlb,a) P(elb,c)
N
bucket C:  P(cla) h®(a,d,c,e)
\ / Y
bucket D: h¢ (a,d,e)

bucket E: e=0 h°(a,e)

~. Wea

. E
bucket A. P(a) h> (@) induced widih”
", (max clique size)

@ Los Alamos
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Generating the MPE-tuple

5. b'=arg max P(b [a')x
xP(d’'|b,a’ )xP(e’'|/b,c’ )

4. c'=argmax P(c[a’ )x
xhf(@’',d ,c,e’)

3. d'=arg max h¢(a',d,e')

2. e'=0

1. a’'= arg max P(a)- h* (a)

B: P(bla) P(dlb,a) P(elb,c)

C.' P(Cla) hB(aJdJCJe)
D: h®(a,d,e)
E: e=0 h°(ae)

A: Pa) h%(a)

ﬁ Return (a’',b’',c’',d’,e’)
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MATION

Generating the MPE-tuple

5. b'=argmax P(b|a’)x | B: P(bla) P(dba) P(elb,c)

/ .\/D/nl'lh A"\ D"l ~" ) . .
Time and space exponential in th;

induced-width / treewidth

O(nkw*+1)
A 4

1. a'= arg max P(a)- h* (a) | A: P(a) h (a)

i Return (a’',b’',c’',d’,e’)
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The Induced-width/treewidth

w (d) — the induced width of graph along ordering d

The effect of the ordering:

(A)
@ @
“Moral” graph W ( dl) — 4

@ Los Alamos
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Complexity of Bucket-elimination

m Theorem: Bucket-elimination is O(rek"**1) time
and O(nk"™) space.

® When w=1 then w*=1 = trees
B When we have a tree of functions w=w¥* .
bucket-elimination

Sends messages
From leaves to root
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Bucket-Tree min,, ., f(@.b)+ f(a,d)+ f(b,c)+ f(a,d)+ f(b,d)+
EIimination fle.d)+ f(b,e)+ f(c,e)+ f(b, )+ fla,g)+ f(f.8)=
Messages
Finding max Assignment
Al | argmax
A
h® (A)

h® (A,F)

G| f(AG)
fIRG)

Ordering: (A, B, C, D, E, F, G)
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Tree Decomposition

R(a), R(b,a), R(c,a,b) 1 [ ABC m Each functionin a
R(d,b), R(f,c,d) R(a), R(b,a), R(c,a,b
Rle,b,f), R(g,e,f) DR Real)l)  clyster

BC

R(d,b), R(f,c,d) intersection
property

2 { BCDF } m Satisfy running

BF

3 { g } ® Then infer a

R(e,b,f)
functionin a
EF cluster and send
4 { EFG } to neighbors
R(g,e.f)

@ licai 2013 24
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Junction-tree Clustering

1| ABC
h (b,c) =V, R(a)® R(b,a)® R(c,a,b)

I
BC

iy (b,0) =Y, . R(d,b)®R(f,c,d)® hg; (b, f)
2| BCDF

(; Time exponential in the induced- -
width / treewidth O(nk"**!), space
exponential in the separator width
\glong ordering d y

SN
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Junction-tree Clustering

a N
Each cluster is perfectly
explici. 1] aBc

Inference re-parameterizes :
. BC
\_the graphical model

/ B 1, (b, C) :Ud,f R(d,b)®R(f,c,d)®h, (b, )
\A/ m\ 2| BCDF

Ime exponential in the induced- .
width / treewidth O(nk"**!), space
exponential in the separator width
glong ordering d y

SEENE

B (b,c)=U, R(a) ® R(b,a)® R(c,a,b)
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Iterative Join- Graphs Propagation

= AacoE>
Caoer>
d F \GH F
more accuracy

ess complexity
AL o (Kask, Mateescu,Gogate,Dechter, 2002,2009)
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Summary of Inference

m Inference is time and space exponential in
w*(d)

® Finding the best ordering is NP-complete but
good orderings can be achieved

m Inference is a compilation scheme; a re-
parameterization scheme: each cluster
possesses local information to answer
whatever query without looking outside.

m Main limitation: memory complexity
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Outline

Search; via AND/OR search _ [ Exact algorithms
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Enumeration of the the probability tree

P(a,e=0)=P(a)) P(bla)) P(cla)) P(dla,b)) P(elb,c)

=il 7 e=0
ﬂ __,,-*"'- Gq__:.-'ﬂzl ':_:' =)

> -]
Pidla.B) Pielbei P(@P(bla)P(cla)P(dia,b)P(elb,c)

Complexity of searching the probability tree:

exponential time. But can use linear space



BREN:IC=

UNIVERSITY of CALIFORNIA O IRVINE
NFORMATION AND COMPUTER SCIENCES

Classic OR Search Space

(A)
Q{‘G‘o Ordering: ABECDF
A

GRO

mM O 6 m W »x

"i E ‘ Y)
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AND/OR Search Space
(4)

o

(& (@

Primal graph DFS tree
O,
4
(8 (8
7 G
G, © (® (© G © (® ©
@ 1 [3 0 [ [ @ 1 [4 4 [ [3

0‘0000000 ® 6 & 6 0 6 © ¢

’ﬁl‘mmm o 1] 9 |1 |9 (1 [0 [1] o |1 |9 |1 0 [11 (@ (1 [d [4 [d [1 [d [1 [d [1
AL O
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AND/OR vs. OR

O,
0
(®) O, AND/OR
9 9
G O, (® 9 G O, (® 9
4 [ [4 @ 1 [4 4 [ [4 @ 1 [4

@ » @ 6 o 60 & 6 O 6 & 6 @ 6O @ 6
U @R EdE @ il dEd@dl @ EHdEEEEE @ i@ @ @ 1

AND/OR size: exp(4),
OR size exp(6)

N

4

A“
¢
As O

g [1 |d [4 [d [1 [d [1 [d [1 2l [d (1 |d [4 [d [4d [d [4 [d [1 [d [1 [d [4 [d [4

AEE!E!'IE!fI'JfJII'JE ol(7] |0l 2][al[1][ ol 1| [0|[7][al[2] o] 2] [0][2] [al[1]| o] 2] [al[1]| ] 1| 0| 2]l 6l 1] [al| 2] ||| 2] [a] 1]
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AND/OR vs. OR

with Constraints

()
0
(8)
C
(& O, G ©,
9 (1 @ 1 [

ol 11|0|[Zh gl Z]| 0|\l on Z]|a||Z]|a\Z]|o|Zl[ 0| 1]|0||1]| 0| 1|(0| 1oL 0|10 L

@ O\ @ B o 6B & ¢
0 Q@ H\@EEE @ EIdEEE @[

UNIVERSITY of CAAEORNIA .4 IRVINE
No-goods @
(A=1,B=1) :
(B=0,C=0)

(8) AND/OR
E
© (B ©
E L

@ W\ ® B\ & B @ ¢

o (1 [0 [1\[d [1 |9 1\ [d [1 [d [ [d [1 [d [4]
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’ @ \“‘ \\\

(4)

with Constraints (B=0,C=0
(2
L
(8) (8) AND/OR
9 E 1
(&) (© (8) (© (&) (©
4 1 L 3 0 3 4 0 L
OBNG @ »mn O 6 OBNG
UGl @ U6 W6 E @ @ 2 @ 0
E
E L 1 OR
G G G
L L L 0 L L
uﬁ WM P EODNE N @ M 9 [ 4 [

¢ oolz@dE 3° (a6 EEiEEE EE65E EE e g ol[[d1
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seudo-Trees

(Freuder 85, Bayardo 95, Bodlaender and Gilbert, 91)

m<=w*logn @

(b) DFS tree (c) pseudo- tree (d) Chain
depth=3 depth=2 depth=6

IINSE
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DFS algorithm (#CSP example)
(4)
o

GO,
(a) 11
9 5 6
O OR node: Margi G zatia operator
g 4 1) 1 (summ E, 2
GF: (92 (B 1 (91 () 1 OF () 1 (9 2
9 2 4o GND Qode: Cdinbi, Elr perat.(p 3): 1 1
2 (1 20 @1 (A1 (@1 (Do 2121 @1 (A1 @1z

[N]

o
1

S|
[
N~ (S
[
[S]
[
[

9 0 2 [d [2 [d 4 |9 (419 (4 [d [4 [d (4 [d [ 19 [ [d [2 [d [4
0 1 0 0 0o 0 1 1101110 10100110

Q
Q
N

Value of node = number of solutions
@ 5 below it
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The recursive value rule

G(Z) =lx_, ®feFf(X)
v(n) = G|n=(x1,...,xi)

v(n) = @ cohitdreniny Y() ifn=(X,z) is an AND node,
v(n) =llwechitdrentn) (Winnn @ v(n')), ifn =X is an OR node.

@ 39 CS 276
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AND/OR Tree DFS Algorithm (Belief Updatmg)

P(E|A,B) P(BlA) P(ClA) P(A)
A|B|E=0|[E=1 A|B=0|B=1 A[{C=0|C=1 A|[P(A)
0/0] .4 .6 0| 4 .6 0| .2 .8 0| .6
0[¥] 5 | .5 i 1| 9 M 7] 3 1 4
yio| .7 .3
1]1) 2 | 8 Result: P(D=1,E=0)
Evidence: E=0
24408 (A)
.6 4
.3028 |0 .1559
.3028 (B) .1559 (B)
- L4 .6 .1 .9
! 352 |o] .623 [0 .104
L 4 (E) .7(E) .89 (© 2(E) 52 (¢
4/ 2 7/ 1 9 2 1 9
@E.a o] [ .8 [d] 1] .9 o] [ .7 [0 4] .5
.8 Q Q 9 .7 (D) (p).5
7 N\ -9
Rl a1 o
P(D|B,C)
g g D;O D:l_ OR node: Marginalization operator (summation)
of1] 1] 9 ] ..
103 [ .71 AND node: Combination operator (product)
1|1 5-]\.5

vidence: D=1 Value of node = updated belief for sub-problem below
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AND/OR Tree Search for COP

ABf|[ACH|[AEFR|[AFF|[BCFL| [BDF [BETf| [CDF[EFT
002/[003/[000/[002/[000/[004/[003][001][001
' Joto|lo1o0/lo13[lo10/[011][012/l012[[014]010
' |1o1]/|lto0o0ll102/[100][102[|101]||101]/|t00/|100
; |114all111/{110/[112]|114]|110/|110/[110/[112
: 9
Goal : min ,, E f(x)
5 =171
OR
0 @ 0
AND 5 7
OR 5(®) 7(8)
2 0 1 4
AND 6 5 6 4
OR 30 3(® 14(© 1(® 4(© 2(® 10 0(®
3/ \d 3/\5 5/ \¢ 1,3 0/ \2 57\ 2 2/ \& 3,/\0
ap sH 2 ol 2 2l o ol 2 sH 2 1@ o 28 o 10 o

or 50 200 o 20 20 o0® 0o 20 50 2@ 1) o(®» 20 o0® 1 0

AND
5 6 4 2 3 02 2 2 4 1 0 3 0 2 2 5 6 4 2 1 2 0 4 2 4 1 0 1 2 0 4

@ AND node = Combination operator (summation)
41

OR node = Marginalization operator (minimization)
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Properties of AND/OR Tree Search

AND/OR tree OR tree

Space O(n) O(n)

O(n k")
O(n kw*logn) Olk?)

Time

(Freuder & Quinn85), (Collin, Dechter & Katz91),
(Bayardo & Miranker95), (Darwiche01)

k =domain size . .
h = depth of pseudo-tree Tasks: Consistency, Counting,

Optimization, Belief updating

n = number of variables
@ treewidth Max-expected utility, partition function
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From Search Trees to Search Graphs

m Any two nodes that root identical sub-trees or
sub-graphs can be merged
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From Search Trees to Search Graphs

m Any two nodes that root identical sub-trees or
sub-graphs can be merged
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From AND/OR Tree

UNIVERSITY of CALIFORNIA O IRVINE

1
1

g

4
(HXHXHCHKK KKK HKHCHCHKC KRR HCHHHKCRIKLK) QB'@GM@G@G}QQDQGQG

AAAAAAANA LA AR AL

1
[Ad4dAd4d4dAdAdAdAddAd ddAd Ad1d AdAd AdAd AdAd Ad A Ad Adid AdAd Adld AdAd Ad 1A 4o 0

L —
—



BREN:[CS UNIVERSITY of CALIFORNIA () TRVINE
INFORMATION AND COMPUTER SCIENCES Q ,,,— \?\-‘\\\



BREN:(C= UNIVERSITY of CALIFORNIA () TRVINE

INFORMATION AND COMPUTER SCIENCES

Context-based Caching

m Caching is possible when context is the same

m context = parent-separator set in induced pseudo-graph
= current variable +
parents connected to subtree below

context(B) = {A, B}
context(c) = {A B,C}
context(D) = {D}
context(F) = {F}
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AND/OR Tree DFS Algorithm (Belief Updating)

P(EIA,B) P(BlA) P(ClA) P(A)
A|B|E=0|E=1 A|B=0[B=1 Alc=0[c=1]| [A]P(A)
olo| 4 | .6 0] 41 6 |l 2 | 8 ol .6
0[¥] 5 | .5 i 1| 9 . | A 1 4
) .7 | 3
1]1) 2 | 8 Result: P(D=1,E=0)
Evidence: E=0
24408 (A)
.6 4
.3028 [o] .1559
.3028 (B) .1559 (B)
4 .6 1 .9
.352 [o] .27 .623 [o] .104
4 (E) .88(©) 5(E) 54 (c) .7(E) .89 (¢ 2(E) 52 (©)
A4 2 .8 .5 2 .8 .7 1 .9 2 1 .9
o] [1] .8 [o] [1] .9 o] [1] .7 [o] [1] .5 o] [1] .8 [o] [1] .9 o] [1] .7 [o] [1] .5
.8(D) (p).9 .7 (D) (b).5 .8(D) (p).9 .7 (D) (p).5
.9 .7 5 .8 .9 7 5
[o] l [o] [1] [o] [o] [o] [o] o] [o]
P(D|B,C)
B|C|D=0[D=1|
olo] 2 | .8
Oy .1 | .9 OR node: Marginalization operator (summation)
1/0] - 7ia .
111 I!\% NG AND node: Combination operator (product)

v ce: D=1 Value of nedawmipédated belief for sub-problem below
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AND/OR Graph DFS Algorithm (Belief Updating)

P(EIA,B) P(Bl1A) P(ClA) P(A)

A[B|E=0]|E=1 A(B=0|B=1 A[{C=0|C=1 A|P(A)
0({0] .4 .6 0| 4 .6 0] .2 .8 0| .6
0[¥] 5 | .5 i 1| 9 . | A 1 4
Y|0| .7 3
1]1) 2 | 8 Result: P(D=1,E=0)
Evidence: E=0 ¥

24408 (A)

B[ C

010 8 B]C[D=0]D=1

0[1 9 olol .2 | .8

1/0 7 ol1] 1 [ .9

1/1 1 1lo] 3 [.7
FET S G

e or D
| ‘ Los Alamos

Evidence: D=1
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How Big Is The Context?

Theorem: The maximum context size for a
pseudo tree is equal to the treewidth of the
graph along the pseudo tree.

(CKHABEJLNODPMFG)
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All Four Search Spaces

AND/OR graph OR graph

(o

Space O(n kv") O(n kPW7)

Ti me O ( n kW*) O ( n ka*) xt minizn;a’:;l'?essearch graph

N

4 Computes any query:
« Constraint satisfaction

( J
- Optimization ﬂﬁ'ﬂ' B

» Weighted counting
Context minimal AND/OR search graph

s — / ( 18 AND nodes)
: Los A Any query is best computed 51
' o amos Over the c-minimal AO space

exﬁme FoR
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What is better? Inference or Search

AND/OR Seaw
' e e T =)

/THEOREM (Mateescu and Dechter, 2005) : \

For positive models and given a
"B]pseudo tree, AND/OR search and

G [AFIBucket-elimination have the ﬁﬁﬁﬁ

erformance
\ perf ),

CHABEJLNODPMFG) Los Alamos
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The Effect of Constraint Propagation

mains are {1,2,3,4)

CONSTRAINTS ONLY

FORWARD CHECKING

MAINTAINING ARC
CONSISTENCY

Los Alamos
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Outline

— | Exact algorithms

Time vs space, search vs inference
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~ Searching AND/OR Graphs
trading space for time

m AO(j): searches depth-first, cache i-context

j = the max size of a cache table (i.e. number of
variables in a context)

i=0 i=j i=w*
Space: O(n) \ Space: O(exp w?)
Time:  O(exp(w* log n)) Time:  O(exp w”)

Space: O(exp(j) )
Time: O(exp(m_j+j )

AR
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AOC(j) Adaptive Caching
' © ®

e ———

GNGNGEGIIGNGNGHOG
4 plojolojeiojoMclalojalojoioja
\ () 1BDF] G;G¥G G*G;G O,
“(H)Be] O, O

o] n @ g [-A
[AB] (© © © (©) [- AB] g
[o] [1] [0] [1] [o] [o] [1]
[AB - C] Q o 0'0 0"0 o‘e [A-BC) g'g
o] O O 0|0 O O 0| O O 0|0 & 6 o T 0
[AB-D] mGn EG men mon me mon Ee Elell [A-BD] (E) (E)
[B - DE] O*G G!G o*o Olo #G G!G G*ﬂ G!G (B - DE] * g*a gil; ® ® @
1] ﬂn mmlﬂ [1] 1] ﬂ Emlm [1] ﬂn mmlﬂ (1 | [o] (1] gﬂ EEIE [1] e L 1 mm mn ﬂ,ll,llﬂ ] J L
" Gupnssh st suusie [dusususy "7 REASISRRRI9282
2a a b b (el a0
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Outline

®m Bounding inference (mini-bucket, Approximations

cost-shifting, belief propagation )

AR
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Mini-bucket approximation:MPE task
(Dechter and Rish, 1997, 2003)

Split a bucket into mini-buckets =>bound complexity

bucket (X) =
{ hl:"':hr s Myl 5eees Iy }
h ; ““:” n N, '
/" h¥=max [ | h; ™,
/ X =1 N
¢ b
{h,,..,h,;} kh[l'lr+1:r-":-l'111}
— r n e
gx: ( max |_| h; ) -( max I_l h; )
X =1 X i=r+1

V
h* < g”*

@ Los Alamos
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Mini-Bucket Elimination

maxgll maxgll

/_/\ A Node duplication, renaming
4 N
Bucket B P(E|B,C) P(B|A)P(D|A,B)

N _

Bucket C P(C|A) hB (C,E)

V
Bucket D hB (A,D)
V
Bucket E E =0 h¢ (AE)
ﬂ P(D|A,B)
BucketA P(A) ht (A) hP (A)
~ e - =

MPE* is an upper bound on MPE --U
@ Generating a solution yields a lower bound--L
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Mini-Clustering (for Sum-Product)

Split a cluster into mini-clusters => bound complexity

s
APPROXIMATE
algorithm

1’ *9 r} r+1’ ’

\ /
S[In < (ST 1)

elim i=1 elim i=1 elimi=r+1

r+1’ ’

0(6 )% O(evar(r)) + O(evar(n r))
@entlal complexity decrease Los Alamos
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Properties of MBE(i)

Complexity: O(r exp(i)) time and O(exp(i)) space.
Yields an upper-bound and a lower-bound.

m Accuracy: determined by upper/lower (U/L) bound.
m Asiincreases, both accuracy and complexity increase.
m Possible use of mini-bucket approximations:

As anytime algorithms

As heuristics in search

m  Other tasks: similar mini-bucket approximations for: belief updating,
MAP and MEU (Dechter and Rish, 1997)

AR
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CPCS networks — medical diagnosis
(noisy-OR CPD’s)

Test case: no evidence

Anytime-mpe(0.0001)
U/L error vs time

3.8
3.4 | e e aab
— 30 .
(O]
= 26
o
< 22 .
% 1.8 |lo—o-cox
) 14 _: =
10 |1 e -
o Li LI H 0 F || |
=1y 10 100 =21 1000
Time and parameter i )
i Iime (sec)
A_Iqorithm cpcs360 cpcs422
elim-mpe 115.8 1697.6
anytime-mpe( 9, £ =10" 70.3 505.2

@M—m@( g £=10" 70.3 110.5
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Mini-Bucket: duplicating/Splitting a Node

Variables in different buckets are renamed and duplicated
(Kask et. al., 2001), (Geffner et. al., 2007), (Choi, Chavira, Darwiche , 2007)

Before Splitting: After Splitting:
Network N Network N’

64
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Tightening Bounds via cost-shifting

Eqo O_O
i - i
Original Decomposition
mngEij(xi, x;) < Z max Eii(x;,x;)-
1] tJ
m Decompose graph into smaller subproblems

m Solve each independently; optimistic bound

m Exact if all copies agree

AR
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Decomposition view

Original Decomposition
j
mngEw (;Ci,ccj) S m;anXaXEw (513@',513]'> —F)\ZJ(ZC’@) -+ A]@(Q}J)
1] tJ
m Decompose graph into smaller subproblems
m Solve each independently; optimistic bound

m Exact if all copies agree
m Enforce lost equality constraints via Lagrange multipliers

AR
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Decomposition view

QR AN

Original Decomposition

J
mXaXZEw (xi,a:j) S m;anXaXEw (a:i,acj) —f—)\w(ib’z) -+ /\]Z(a:])
1] tJ
Same bound by different names

m Dual decomposition (Komodakis et al. 2007)

m TRW, MPLP (Wainwright et al. 2005; Globerson & Jaakkola 2007)
m Soft arc consistency (Cooper & Schiex 2004)

AR
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Join-graph based cost-shifting

m,,,m,,- moment-matching

maxgll maxgll messages
//\ my, N
4 P
Bucket B P(E|B,C) <—> P(B|A) P(D|A,B) P(A)
x m12

Bucket C P(C|A) h® (C,E) P(B|A) P(C|A)
\Y

Bucket D hB (A,D)

\Y4
Bucket E E =0 h° (AE)

ﬂ P(D|A,B)
Bucket A P(A) hE(A) hP (A)
\ J =2
'

MPE* is an upper bound on MPE --U
@ Generating a solution yields a lower bound--L
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Join-graph based cost-shifting

(Ihler, Flerova, Dechter, Otten, UAI 2012)

maxgTl maxgll

Bucket B
Bucket C
Bucket D
Bucket E

Bucket A

AR
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AOBB + MBE+ Join-graph based cost-shifting
Alexander Ihler, Natalia Flerova, Rina Dechter and Lars Otten (UAI '12)

[ D . ; N\
Mini-Bucket Elimination(i): Linear Programming:
o single-pass * iterative
| * operates on clusters of size 3& ® operates on or iginal )
Jactory
Join Graph MBE with
Linear Programming Moment—Matching

pedigree31, n=1006, k=5, w=30, h=85, z=10

-130 2 i {‘_‘.
] A
] /
-132 _‘;\s‘fi“ _ A
. '__:/_?‘;W G
134 S 4
] /,/"' ‘?—x‘f‘/ @--m-mmmT -
136 ] el ®
I PP ! e
=138 ! W o
R I W ¢
o ] 4
= -140 !
] 4 . R
2142 3 ’ --o-- Mini-Bucket Elimination
h —=&- Mini-Bucket Elimination with Moment-Matching
144 1 —a— Message-passing on original functions (FGLP)
. N —+— Message-passing on clusters
] (Join Graph Linear Programming)
T T T T T T T | T T

146 F—— : —
1 10 100 1,000 le+04
log(time), sec
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Outline

Anytime AND/OR branch and bound Back to exact:

Anytime schemes
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Basic Heuristic Search Schemes

Heuristic function computes a lower bound on the
best extension of x* and can be used to guide a
heuristic search algorithm. We focus on:

1. Branch-and-Bound 2. Best-First Search
Use heuristic function to Always expand the node with
prune the depth-first search the highest heuristic value
tree
Linear space
O Q
O O

N

O

O/O'\

7/ \ -
o
g i O
(o)

NS
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Mini-bucket Heuristics for BB search

( Kask and dechterAlJ, 2001, Kask, Dechter and Marinescu 2004, 2005, 2009,
Otten 2012)

h(x) computed by MB(i)
before or during search

P(E|B,C) P(D|AB)P(B|A)

\
C: P(ClA) hE(E,C)

A: P(A) hE(A) h°(A)

@x f(a,e,D) = P(a)-h?(D,a)- h'(e,a)
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AND/OR Branch-and-Bound

T ()
’ . ub(n)
5 [q 11 7]
OR 5 11 h(n)
0 0 0 0
oo 5
on (O " 2 ’ ‘
0 0 1
[0 Sl 4[] [ [ 3[] <[
OR OO LON O]
0 3 © 4
o] [1] [of [1 El o] 1]
h(n) 2 ub(n)

@ | Los Alamos 75
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PASCAL 2011 Probabilistic Inference Challenge

o« http://www.cs.huji.ac.il/project/PASCAL/
o Evaluates solvers in three categories:

PR: Probability of evidence / partition function
MAR: Posterior node marginals
MPE: Most probable explanation (our entry)

o Three tracks each: 20 sec, 20 min, 1 hour.

« Variety of benchmark domains:

CSPs, Deep Belief Nets, Image Alignment and

Segmentation, Object Detection, Protein
@(ﬁdmg, cee ljcai 2013
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AOBB + Central Enhancements

+ SLS (Hutter et. Al 2005)

A A 1600 | i
. j %0 70 s 0 100
min, 3 ;) maxy(fy(Xi, X))+ A;(X), Ai(X) ) ~ Width w

TR ] 40
1200 [

800 t
1 30

400

Cost-shifting (MPLP) Breadth-First Enhanced Variable Ordering
Re-parametrization Subproblem Rotation Schemes
Tighter bounds by iteratively Improved anytime perfor- Highly efficient, stochastic
solving linear programming mance through interleaved minfill / mindegree
relaxations and message passing processing of independent implementations for lower-
on join graph. subproblems. width orderings.

@’—% (Ihler ,Flerova, Dechter, Otten, 2012, Otten and Dechter 2011,
‘ Kask, Gelfand, Otten, Dechter 2010)
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Competition:

Gurobi vs AOBB on Pascal2
instances (Junkyu and Lam,
ongoing)

AR
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Problem PEDIGREE WCSP Protein Folding
Total #. o)) 61 10
Instances From UAI’08 Competition From PASCAL2Competition From PASCAL2Competition
Compared 2 15 7
Instances Exclude 46 Indeterminate Cases* Exclude 3 Indeterminate Cases*
BRAOBB 51.07 sec 15.96 sec
(G.M of Time) G.M of 20 instances terminated for both G. M of 13 instances terminated for both
GUROBI 7.15 sec 72.65 sec
(GM of Time) G.M of 20 instances terminated for both G. M of 13 instances terminated for both
BRAOBB
0 VS.22 12 VS. 3 6 Vs. 1 |
VS .GUROBI AOBB won by memory out of Gurobi

Indeterminate Cases :
v' Both Time out, or BRAOBB Time out and Gurobi Memory out (4GB),
v' One of the solver time out earlier than the other’s running time

MPE to 0/1 ILP Conversion was not available for experiments
‘ ‘ / " 79

Link to more results
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name Gl}robi Te/Ta AQBB name quobi Te/Ta AQBB
(n,fk,s,1,w,h) Time Time (n,fk,s,1,w,h) Time Time
1 2095’5?;, 2’31,56(’)62,1 S 172 | 24.57% 7 9 , Eglvgej‘,’zg’gfgago 774 | 96.75% g
2 | mrussaaiarans | 2531 | 7670% | 33 10 O aats w2 | 707000 | 6
3| lomtiaaiotoas | 31058 | 221843% | 14 1 aates 676 | 112.67% | 6
4 . 43%%235,8’39, " 622.49 | 8892.71% | 7 12 3852(?;\’423’2?6—,51 S 669 | 111.50% 6
S| gomasiiane | 215 | 4021w |7 R e T e R
6 190,159135(,)42 f32,26’87 ??g(; NA 289 4 5,1(16111%3?25,]2,_138,20 2744.57| 8072.26% | 34
71 ases 63"{:‘;“&’ 1627 | 1644 | 34250% | 48 15| L 1‘16“16:3‘?25’13—14&20 97724 | 534.01% | 183
i 179,711%‘?1??2%7,42,90 (MO) 1 NA 697

BRAOBB : Tout 60 min (MBE-MM, MPLP 2ec, JGLP 2 sec, SLS 2x2 sec, Ordering from Kalev’s Code 3sec)

GUROBI : Tout 60 min(Default, Single Processor, Dual Simplex at the Root)

Memory Limit : Both 4 GB

Indeterminate Cases Total 46 (Not presented Above)

v'Both Time Out : 5/46

OBB Time Out, Gurobi Memory out 15/46

nversion NA : 26/46
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name Gl}robi Te/Ta AQBB name quobi Te/Ta AQBB
(n,fk,s,1,w,h) Time Time (n,fk,s,1,w,h) Time Time

: 1972’8811)(71]’3811]?;;53,51,178 Mo omA 2(1T68;) 6 739,293(311,)815?21,)(3,37,80 MOy | NA 2(1T6(§))0
: 1328,525(()1})811%3?3,22,136 (MO)y | NA 37 ’ 1060,475);1?811%?3,38,164 (MO) | NaA 536

: 614,276%(?31 ,f;g,35,118 (MO) 1 NA 2(1T68;) 8 | 44 8%??; f ‘;};27’93 (MO) | NA | 16638
) 337,13g§,%11i,224,‘3,33,58 784 | 2176% | Sl ? 1364,5(1));;),;??,/3,29,93 (MO) | NA 647
: 1040,40411);,21113?3,26,107 (MO) | Na 1801 10 926,3711)2(,131 5"21?;36’12 , | ™Moy | Na 493

BRAOBB : Tout 6Hr (MBE-MM, MPLP 60 sec, JGLP 60 sec, SLS 20x10 sec, Ordering from Kalev’s Code 3min)
GUROBI : Tout 6Hr (Default, Single Processor, Dual Simplex at the Root)
Memory Limit : Both 4 GB

Indeterminate Cases Total 3
v’ AOBB Time Out, Gurobi Memory Out 3

AR
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name Gl}robi Te/Ta AQBB name quobi Te/Ta AQBB

(n,fk,s,1,w,h) Time Time (n,fk,s,1,w,h) Time Time
: (298,313);(2:%;3?51,15,60) R ’ 12 (726,155(31%?,6 1337,21,59) 3091 11.44% 27
: (888,101;%%%2?3(1),332,163) S | 2P% ) oD b (581,72?2’%2%3?16,62) 399 |13.31%| 45
F | s ssaosy | 045 BT 12 14| 5310554000078 | 001 [3005%| 20

) (693,71;2%;%2?T31?24,99) 17306 | NA (1ng(; b (842,101)361%;%?133?28,160) 22L15 ) NA (1ng(;
> (387,422%;%2%T§?22,73) i I I o (885,1(263(?5%%?;132,113) 245 | 875% | 280
° (309,412)63%%5%2%‘1%,325,60) S R . (390,412169(?5%26,:;:;1,223,60) 2:36 | 3.58% 66
7| ovsaa0ssanaige | M1 [1632%) 19 18 | qagiodonosery | OB [1890%
8 | ois.zs055002002n) | 72 |72 19 | rssisemoirsy | 1205 [820%] 23
’ (1006,111);11%,?,e 1381,30,116) 2032 |1881%) 108 20 (871,1123%%2??3,138,114) 14.64 1 3.30% | 443
v (581,753?2%;,62%3,;7,139) i Reseiadl I ! (867,1016);2?;3697,31,119) 801 110.27%| 78
R NCEEN 12?%;%2?(;3?‘30,130) 1000 AL 2| 35,1 1?965171,%1%9,26,132) 785 125:32%| 3l

unit : Both 4 GB

: Tout 30min (MBE-MM, MPLP 2ec, JGLP 2 sec, SLS 2x2 sec, Ordering from Kalev’s Code 3sec)
ot 30min (Default, Single Processor, Dual Simplex at the Root)
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Conclusions and Software

m Conclusion: Exact Search+Inference algorithms lead to effective anytime
schemes and effective approximation and should be exploited.

m Search and inference are not so different; you may do effective inference
by search

m Software
AND/OR search algorithms
Bucket-tree elimination
Generalized belief propagation
Samplesearch sampling

AOBB source code is freely available, under an open-source license.

http://graphmod.ics.uci.edu/group/Software

@ 83 ljcai 2013 83
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For publication see:
http://www.ics.uci.edu/~dechter/publications.html
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