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| Outline of Lectures
|

* Class 1: Introduction and Inference
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‘Roadl\/lap: Introduction and Inference

e Basics of graphical models (A

— Queries /A@
— Examples, applications, and tasks ,"

— Algorithms overview © (E)

Inference algorithms, exact
— Bucket elimination for trees
— Bucket elimination
— Jointree clustering
— Elimination orders

Approximate elimination
— Decomposition bounds
— Mini-bucket & weighted mini-bucket
— Belief propagation

Summary and Class 2
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‘Roadl\/lap: Introduction and Inference

e Basics of graphical models
— Queries
— Examples, applications, and tasks

— Algorithms overview



| Graphical models
|

* Describe structure in large problems
— Large complex system F'(X)
— Made of “smaller”, “local” interactions fu ()
— Complexity emerges through interdependence
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| Graphical models
|

e Describe structure in large problems
— Large complex system F'(X)
— Made of “smaller”, “local” interactions f,(Zq)
— Complexity emerges through interdependence

* Examples & Tasks

— Maximization (MAP): compute the most probable configuration

x" = arg m}?XH fo(Xa) f(x) = m}?XH fa(Xa)

[Yanover & Weiss 2002]

Phenylalanine
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\Graphlcal models

- Describe structure in large problems
— Large complex system F'(X)
— Made of “smaller”, “local” interactions f,(Zq)
— Complexity emerges through interdependence

* Examples & Tasks

— Summation & marginalization “partition function”
ZHfO‘ Xq) and Z:ZHfa(on)
X\az:z X «

Observation y Marginals p(x; | y) Observation y Marginals p(x | y)

CoOw

g., [Plath et al. 2009]

Dechter & lhler Deeplearn 2017 7



\Graphlcal models

* Describe structure in large problems
— Large complex system F'(X)
— Made of “smaller”, “local” interactions fu ()
— Complexity emerges through interdependence

* Examples & Tasks
— Mixed inference (marginal MAP, MEU, ...)

f(xn) = IE?JXZHfa(Xa)

= &
Influence diagrams & 4‘/’\/

optimal decision-making ® o] oilsale
produced policy

(the “oil wildcatter” problem)

e.g., [Raiffa 1968; Shachter 1986] 0\ / Market
“— un ergroun |nformat|on
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|Graphical models
|

Example:
A graphical model consists of: Ae{0,1}
X ={X1,...,X,} --variables B e {0,1}
D — {Dl o Dn} - domains (we’ll assume discrete) O c {O, 1}

— -- functions or “factors” . ,
F= e Jan) faB(A,B), fso(B,C)

and a combination operator

The combination operator defines an overall function from the individual factors,
eg., “+" : F(A,B,C) = fap(A,B) + fec(B,C)

Notation:
Discrete Xi values called states
Tuple or configuration: states taken by a set of variables
Scope of f: set of variables that are arguments to a factor f
often index factors by their scope, e.g., f,(X,), Xo C X
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|Graphical models
|

Example:
A graphical model consists of: Ae{0,1}
X ={Xy,...,X,} --variables B e {0,1}
D — {D1 Dn} - domains (we’ll assume discrete) O c {0’ 1}

— -- functions or “factors”
F {fal,...,fam} fAB(A,B), ch(B,.C)

and a combination operator
F(A, B, C) — fAB(A: B) + fBO(B?C)

For discrete variables, think of functions as “tables”

(though we might represent them more efficiently)

0/0|o0 12

0/0|1 6
0]0 6 0|0 6 _ ol1/1 6 =0 +6
01 0 -+ 0] 1 0 — 1{0]0 6
110 0 1,0 : 101 0
ol ° L 4 6 1(1]0 6
F(A=0,B=1,C=1) 1]1]1 12
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|Canonical forms
|

A graphical model consists of:

X ={Xy,...,X,} --variables

D={Dy,...
F={fo,--

and a combination operator

,D,} --domains
., fa,, }-- functions or “factors”

Typically either multiplication or summation; mostly equivalent:

-

.

fa(Xa) >0

F(X) — Hfa(Xa)

~

J

Product of nonnegative factors

(probabilities, 0/1, etc.)

log / exp

-

.

QG(X(X) — log fa(Xaz) eR

6(X) =log F(x) = ) 6a(Xa)

~

J

Sum of factors
(costs, utilities, etc.)



|Graphical visualization
|

A graphical model consists of:
X ={X1,...,X,} --variables
D ={Dy,...,D,} --domains
F ={fa,,..., fa, }--functions or “factors”

and a combination operator
Primal graph:

variables — nodes
factors — cliques

F(A,B,C,D,F,G) = f1(A,B,D) + fa(D, F,G)
—|—f3(B,C,F)—|—f4(A,C)

Dechter & lhler Deeplearn 2017
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\Example Map Coloring

X € {red, green, blue}
fii (X5, X;) = (X; # Xj) foradjacent regions i,]

Overall function is “and” of individual constraints:
F(X) = fo1(Xo, X1) A f12(X71, X2) A fo2(Xo, X2) A

“Tabular” form:

1.0 X, #X,

(X0 X)) =
S T

1.0 all valid
=Tl xny=q00 o 0
ij U any mvali

Tasks: “max”: is there a solution?
“sum”: how many solutions?

Dechter & Ihler Deeplearn 2017

Xo Xy F(Xo.Xy)
0|0 0
0|1 1
02 1
1|0 1
1)1 0
12 1
2|0 1
2|1 1
2 | 2 0

13



|[Example: Bayesian Networks
|

Random variables S,K,R,W @ P(S)
S has states: {Fall, Winter, Spring, Summer}

P(K P(R|S

R, K, W have states: {True, False} ( 15) ( l )
Overall function is product of conditional probabilities: P(W|K S)

P(S,K,R,W) = P(S)- P(K|S) - P(R|S) - P(W|K,5)
P(WIK|R) =

Typical tasks: 0 1
Observe some variables’ outcome T 7T o2 | os
Reason about the change in probability of others L lol o1 0.9
1 1 0.01 0.99

“max”: what’s the most probable (MAP) state?
“sum”: what’s the probability it rained, given it’s wet out?
(sometime called a “belief”)

Dechter & Ihler Deeplearn 2017 14



‘ Ala rm network [Beinlich et al., 1989]
I

* Bayes nets: compact representation of large joint distributions

The “alarm” network: 37 variables, 509 parameters (rather than 237 = 1011 I)




|Example: Markov [08iC o & vomingor 200s

1.5 | ¥x Smokes(x) = Cancer(x)
1.1 | Vx,y Friends(x, y) = (Smokes(x) <> Smokes(y))

Two constants: Anna (A) and Bob (B)
0 | 0 | exp(1.5)
0| 1| exp(l.5)
10 1.0
1| 1| exp(l.5)

Friends(A,A)

0| 0| 0| exp(1.1)
0|0 |1 exp(l1.2)
0| 1| 0 | exp(l.1)
O | 1|1 exp(l.1)
1|0 | 0| exp(1.1)
101 1.0
11110 1.0
Dechter & Ihler Deeplearn 2017 111 )1 exp(l})




| Example domains for graphical models

Natural Language processing

— Information extraction, semantic parsing, translation, topic models, ...

Computer vision

— Object recognition, scene analysis, segmentation, tracking, ...

Computational biology

— Pedigree analysis, protein folding and binding, sequence matching, ...
Networks

— Webpage link analysis, social networks, communications, citations, ....

Robotics

— Planning & decision making



|Graphical visualization
|

A graphical model consists of:
X ={Xy,...,X;} --variables
D= {Dl-’ s sDn} -- domains
F ={fars-s fa,, = functions or “factors”

and a combination operator
Primal graph:

variables — nodes
factors — cligues

F(A,B,C,D,F,G) = f1(A,B.D) + fo(D,F,G)
+ f3(B,C, F) + f4(A,C)

Dual graph:
factor scopes —, nodes
edges — intersections (separators)

Dechter & Ihler Deeplearn 2017
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|Graphical visualization
|

“Factor” graph: explicitly indicate the scope of each factor
variables — circles
factors — squares

F(A,B,C,D,F,G) = [1(A,B,D) + fo(D, F,G)
—|—f3(B,C,F)+f4(A,C)

Useful for disambiguating factorization:

f1(A. B,C, D) F1(A,B) + fo(A,C) + ...
?
DO vs. -
O(d*) pairwise: O(d?)

Dechter & lhler Deeplearn 2017 19



\Ex Boltzmann machines

- Boltzmann machines:

p(z) = %exp [Za :UZJrZw%Jx :UJ}

]

_Hfz 33@ Hf’&j 37@3373

* Deep Boltzmann machines:
p(va hla hZ) —

Deeplearn 2017

0 1.0 0|0 1.0

1| exp(a) 0|1 1.0
110 1.0
111 | exp(w)

20




Conditional Probability

|Graphical visualization
|

. ) Table (CPT
A graphical model consists of: C F( p(ﬂl,c) Relation
. 0 0 O 0.14
X = {Xl, .. .,Xn} -- variables 0 0 1| 0096 reAd grt(e:en bhFJe
. 010 0.40 bi d d
D ={Dy,...,D,} --domains . e e e
. " ” 01 0:65 green _ red blue
F ={fa,,..., fa, }-functions or “factors Y Y

Operators: \ ﬁ — (F=A+C)

combination operator
(sum, product, join, ...)

(AVCVF)

elimination operator
(projection, sum, max, min, ...)

Primal graph
(interaction graph)

Types of queries:

Marginal: 7= [ falxa)
MPE / MAP: f(x*):nj)‘?tha(xa) * All these tasks are NP-hard

* exploit problem structure
* |dentify special cases
* approximate

Dechter & lhler Deeplearn 2017 21
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‘Roadl\/lap: Introduction and Inference

e Basics of graphical models
— Queries
— Examples, applications, and tasks

— Algorithms overview



| Types of queries
|

» Max-Inference f(x*) =max | [ fa(xa)
» Sum-Inference Z=> 1] faxa)

» Mixed-Inference | f(x};) =max » |] fa(xa)

* NP-hard: exponentially many terms

« We will focus on approximation algorithms
— Anytime: very fast & very approximate ! Slower & more accurate

Dechter & lhler Deeplearn 2017
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| Tree-solving is easy
|

CSP - consistency

Belief updating (projection-join)

(sum-prod)
Myt (Y) Myg (Y) mZL(Z) Mz (Z)
rnTY (Y) mRY (Y) rnLZ (Z) mMZ (Z)
MPE (max-prod) #CSP (sum-prod)

Trees are processed in linear time and memory

Dechter & Ihler Deeplearn 2017
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| Transforming into a Tree
|
* By Inference (thinking)

— Transform into a single, equivalent tree of sub-
problems

* By Conditioning (guessing)

— Transform into many tree-like sub-problems.

Dechter & Ihler Deeplearn 2017
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lInference and Treewidth
|

; BDEF ;

FHK

Inference algorithm:
Time: exp(tree-width)

Space: exp(tree-width) feewidth=4 - 1 = 3
treewidth = (maximum cluster size) - 1

Dechter & lhler Deeplearn 2017 27



| Conditioning and Cycle cutset
|

Cycle cutset = {A,B,C}

°a° ::

Dechter & Ihler Deeplearn 2017
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|Search over the Cutset
|

e |Inference may require too much memor
Graph Y Teq y

Coloring

oroblem e Condition on some of the variables

Dechter & Ihler Deeplearn 2017 29



‘Bird's-eye View of Exact Algorithms
| Inference

exp(w*) time/space

Search
Exp(w*) time
O(w™*) space

Search+inference:
Space: exp(q) q: user
Time: exp(g+c(q)) controlled

Dechter & Ihler Deeplearn 2017 30



‘Bird's-eye View of Exact Algorithms
I

Inference

exp(w*) time/space

Search
Exp(w*) time
O(w™*) space

Context minimal AND/OR search graph

K 18 AND nodes j

Search+inference:
Space: exp(q) q: user
Time: exp(g+c(q)) controlled

Dechter & Ihler Deeplearn 2017 31



‘ Bird's-eye View of Approximate Algorithms

Inference

¥

Bounded Inference

Search

\

Sampling

Context minimal AND/OR search graph

18 AND nodes j
-E-; -

@’ 'VLD
\.nf‘ = i E’ @i % @i % C‘i % Sampling + bounded inference

Dechter & Ihler Deeplearn 2017




The Conditioning and Elimination Operators



| Conditioning on Observations
|

e Observing a variable’s value

— Reduces the scope of the factor

p(X) = % | f12(X1, X2) f13(X1, X3) foa (X2, Xa) f3a(X3, X4)]

v

p(r1, Xau) = % | fr2(1, X2) frz (1, X3) faa(Xa, X4) f31( X3, X4)]

v

p(Xoa|r1) = ?[ 92(X2) - g3(X3) - foa(Xa, X4) f3a(X3, X4)]

<

=@
3.
=

w
g

Dechter & Ihler Deeplearn 2017



| Conditioning on Observations
I

B 9(B)
nssign Az I

- b 4 Assign B=r
— >
.

1

PP W OOIDN|FPL|O0T B>

Dechter & lhler Deeplearn 2017



| Conditional independence

I
* Undirected graphs have very simple conditional independence

— X conditionally independent of Y given Z?
— Check all paths from Xto Y

— A path is “inactive” (blocked) if it passes through a variable node in Z
— If no path from X to Y, conditionally independent

. Examples:

p(A) p(B)p(C'| A)p(D | B) p(A)p(B|A)p(C|A, B)

x A,B independent

Markov blanket of X: set of variables directly connected to X

p(D|B)

A,D independent given B

Dechter & Ihler Deeplearn 2017 36



| Combination of Factors
|

A | B | f(AB) B| C f(B,C)
b |b 0.4 b| b 0.2
b | g 0.1 . b | g 0
g| b 0 g b 0
1 g e A|B| C| f(AB,C) o | g 08

b [ b | Db 0.1

b b g 0

b g b 0

b g g 0.08 =0.1 x0.8

g b b 0

g b g 0

g |9 |b 0

g g g 0.4




|Elimination in a Factor
|

A | B | f(A,B)
b|b 4
b|g 6
b|r 1
gl b 2
g1|49 6
gl r 3
r|b 1
rf{g 1
r(r 6

Dechter & lhler

> Elim = sum
. A A
2 Elim(f,B) 9A)
b 11
g e
) r 8
>

Deeplearn 2017

Elim(g,A)

30
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| Conditioning versus Elimination
|

Conditioning (search)

k “sparser” problems
Dechter & lhler

Deeplearn 2017

Elimination (inference)

o</
G'e‘!e

1 “denser” problem
39



‘Roadl\/lap: Introduction and Inference

* Inference algorithms, exact
— Bucket elimination for trees
— Bucket elimination
— Jointree clustering

— Elimination orders
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‘Roadl\/lap: Introduction and Inference

* Inference algorithms, exact
— Bucket elimination for trees
— Bucket elimination
— Jointree clustering

— Elimination orders

Dechter & Ihler Deeplearn 2017 41



| Variable Elimination in Trees

I (Use distributive rule to calculate efficiently:)

max f14 fos f34 fa5
r1...L5

= max fo5 f34 f45[HiaX f14}
1

r2...XI5 a

Dechter & Ihler Deeplearn 2017 42



| Variable Elimination in Trees

I (Use distributive rule to calculate efficiently:)

max fi14 fos f34 fas
r1...L5

= max fo5 f34 f40[max f14]

r2...Is5

= max f34 fas g1(z4) [H_ﬁxf%] g1(e4) J, @

r3..

Dechter & Ihler Deeplearn 2017 43



| Variable Elimination in Trees

I (Use distributive rule to calculate efficiently:)

max fi14 fos f34 fas
r1...L5

= max fo5 f34 f40[max f14]

r2...Is5

g2(xs)
= max f34 fas g1(24) [H_ﬁxf%] 91(24) J« @ J’

r3..

= max f45 g1(24) g2(ws) | max fy @ @
r4...Tx o]

Dechter & Ihler Deeplearn 2017 44



| Variable Elimination in Trees

I (Use distributive rule to calculate efficiently:)

max fi14 fos f34 fas
r1...L5

= max fo5 f34 f4o[InaX f14]

T2...T5 92 ($5)
— ax f34 f45 gl(.T4) [H;E;ngd g]. ($4) l 3(:1:4) l

r3..

= max fa5 g1(x4) g2(25) [max f34]
r4...Tx o]

= max ga(xs) [Hiax fas g1(x4) g3(z4)]
4

5

Dechter & lhler Deeplearn 2017 45



| Variable Elimination in Trees

I (Use distributive rule to calculate efficiently:)

max fi14 fos f34 fas
r1...L5

= max J25 [34 f40[max f14] g (T )
2...L5 l ’ °

= ax f34 fas g1(x4) [mgxf%]

r3..
— liax f4o 91(z4) g2(xs) [maxf34] e
4. T3 .
= max 92(935) | max fa5 g1(24) g3(z4)) ga(s)
5 T4

= max g2(w5) ga(xs)

For trees:
Efficient elimination order (leaves to root);
computational complexity same as model size

Dechter & Ihler Deeplearn 2017 46



| Types of queries
|

» Max-Inference f(x*) =max | [ fa(xa)
» Sum-Inference Z=> 1] faxa)

» Mixed-Inference | f(x};) =max » |] fa(xa)

* NP-hard: exponentially many terms

« We will focus on approximation algorithms
— Anytime: very fast & very approximate ! Slower & more accurate

Dechter & lhler Deeplearn 2017
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‘Roadl\/lap: Introduction and Inference

* Inference algorithms, exact
— Bucket elimination for trees
— Bucket elimination
— Jointree clustering

— Elimination orders
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\Bellef Updating

- p(X | Evidence) =7?

= > p(A4) p(b]4) p(elA) p(ds, A) plelb ) Le =

e,d,c,b ~
“primal” graph \
p(4)

YYYPCM e—OZpb|A (d|b, A) p(e|b, ¢)

'\'\\/’ /\B_>ca,dce) ”

Variable Elimination

Dechter & Ihler Deeplearn 2017 49

0]



|Bucket Elimination @

| Algorithm BE-bel [Dechter 1996]

p(AIE =0) = a > p(A)p(b|A) p(c|A) p(d| A, b) p(e|b, ) 1[e = 0]
e,d,c,b

Z H «— Elimination & combination
b — operators

bucket B:  ~ p(b|A) p(d]b, A) pelb, c)

~_\.

bucket C: p(c|lA) Apoc(A,d,ce)

bucket D: AC%D(I}, d,e) \
bucket E: 1[E = 0] \p_r(4,e)
\/ =4

bucket A: p(A) Ap_sa(A) “induced width”

(max clique size)
i

P(A|E =0) = p(A, E =0)/p(E=0)

echter & Ihler Deeplearn 2017 50




|Bucket Elimination @

| Algorithm BE-bel [Dechter 1996]

MAW=ﬂ%=aE:pumMWQMdMPMAﬁmwmdlkzm
e,d,c,b
Z H «— Elimination & combination

b A ______operators

Time and space exponential in the
iInduced-width / treewidth

-

/

DUCKEI A: p(A) /\E—)'A(A) L IUIUI\.:L.:Ul VVIu.Lll \
(max clique size)

P(AlE =0) =p(A,E =0)/p(E =0)




‘ Finding MPE/MAP

I — maxp |a p(d|b,a) - p(e|b, c)

bucket B: (b|a ) p(eld,

/

bucket C:  p(c|a) )\B%C a, d ¢,e),

bucket D: AO%D( d,e)

bucket E: Ile = O] )\D_>E (a,€)

W*
bucket A: p(a) )\E—>A “induced width”
(max clique size)

OPT

Dechter & lhler 52



Generating the Optimal Assignment

I : : .
* Given BE messages, select optimum config in reverse order

b™ = argmax p(bla”) p(d”[b, a”) p(e”[b,¢”) B p(bla) p(dlb,a) p(e|b, c)
\
¢’ = argmax p(cla™) Apc(a”™, c,d”,e”) C l11’(C|03) As_cola, e d, e)l
d* = arg max Aopla™,d,e”) D: Ao—pla,d,e)
| \
e*:a,rgmgx lle=0]Ap_g(a”,e) E: 1le =0] Ap_r(a,e)
a* = argmax p(a) - \g—a(a) A: lp(@) )\E—>A(@)I

\

e e s e s OPT = optimal value
Return optimal configuration (a’,b’,c’,d",e’) P

Dechter & Ihler Deeplearn 2017 53



\Induced Width

Width is the max number of parents in the ordered graph

* Induced-width is the width of the induced ordered graph: recursively
connecting parents going from last node to first.

* Induced-width w*(d) is the max induced-width over all nodes in ordering d
* |Induced-width of a graph, w* is the min w*(d) over all orderings d

(A) ® ®

@ ®

© @

, ® ®

OO ® ®
primal graph w*(d1) =4 w*(dg) = 2

Dechter & Ihler Deeplearn 2017 55



| Complexity of Bucket Elimination
|

Bucket-Elimination is time and space
O(rexp(w)))

w;“i : the induced width of the primal graph along ordering d

r = number of functions The effect of the ordering:
(A) ® ®
© ©)

© @

, ® e’

OO (R ®
primal graph w”(dy) =4 w* (dz) = 2

Finding smallest induced-width is hard!

Dechter & Ihler Deeplearn 2017



| Types of queries
|

» Max-Inference f(x*) = max | [ fa(xa)
» Sum-Inference Z=> 11 fo(xa)

» Mixed-Inference | f(x}/) = IEE';IXZ 1] fa(xa)

* NP-hard: exponentially many terms

Dechter & lhler Deeplearn 2017
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| Marginal MAP is not easy on trees
|

* Pure MAP or summation tasks

— Dynamic programming

— Ex: efficient on trees i

— /

* Marginal MAP

— Operations do not commute:
Max variables

~\

— Sum must be done first!

Z max % maXZ

Dechter & Ihler Deeplearn 2017 58



|Bucket Elimination for MMAP
|

Bucket Elimination

Dechter & lhler

constrained elimination order

SUM

MAX

IA

B: lf(A,B) f(BaC)f(BaD)f(B?E)l

2B

MAP* is the marginal MAP value

Deeplearn 2017
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|Bucket Elimination for MMAP
|

Impact of Orderings

XJ'VI — {Aa-DaE}
Xs = {B,C}

Dechter & Ihler

constrained elimination order

SUM

MAX

exact

Deeplearn 2017

unconstrained elimination order

-

|I \ /é\l

upper bound

RN

!
|/\

D
|| & /\I
: /.-\I\ | |

60



‘Roadl\/lap: Introduction and Inference

* Inference algorithms, exact
— Bucket elimination for trees
— Bucket elimination
— Jointree clustering

— Elimination orders
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From BE to Bucket-Tree Elimination(BTE)

First, observe the BE operates on a tree. /@
Second, What if we want the marginal on D? & ?
©

Bucket G: P(G|F) G

Bucket F: P(F|&}‘AG_>F(F) Aoor(F!
F

Bucket D: P(D|4,B) P(F|B,C) D
7 \roo(B.C) | PrD A,B)
Bucket C: P(Cl|4) Aioo(B,C)

T Ap—pl(A, B)
B

Bucket B: P(B|4) ) S (A, B) A\ep(A, B (AT
D ‘B//. ) Ac—B(4A, B) N /[P(BH) )
Bucket A: P(4) Agsa(A) {‘,.-1}

Tapla) = P(A),

Tppla,b) = plbla) - magla) - Ac, p(b)

bel(d) = f.l'z P(d|a,b) - mg_,pla,b).

Dechter & lhler i, b 62



BTE: Allows Messages Both Ways

G

’*“*_” | P(GIF) |

. R

g
1+1 Faich (F)
Initial buckets _ [_ -’it’FfBJC} )% D _
+ messages P(DIAB) |

o sl 4D,

B |[Tr.un

7o o(4,8) | P(BIA)
T {fi.v u{j:‘

P(F) = z P(F|b, c)mcop (b, ¢) T p (F) f{;}({;jF} T {F}“

e
7]

r
~. [ Ao el F) . P(D) = ZP(D|a b) 5p(a, b)

PIFIBC).y " (5,c),

| P(CIA). ;| **“[BEJ L_ "

I Acg(A.B)
A - _-l P(BIA) 2. .;j{ B)

(P(A), Fard ) " el

Dechter & Ihler ()

(P(DIAB),T, (4, B:I -
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From Buckets to Clusters

* Merge non-maximal buckets into maximal clusters.

* Connect clusters into a tree: each cluster to one with which it
shares a largest subset of variables.

* Separators are variable- intersection on adjacent clusters.

Ti 5
(A) /@) (B) Time exp(3) hkr:rigry?iex)p(l)
Memory exp(2)
Cep) @ (ae) (€)
. F

(0) (oA —> Gao) (opa —> (&F)

F

(ABCDF)

A super-bucket-tree is an i-map of the Bayesian network



| The General Tree-Decomposition
|

We move
Bucket tree to general
Claster tree to trade

Memory for time @
BDEF

Inference algorithm:
Time: exp(tree-width)
Space: exp(tree-width)  yeewidth=4 -1 = 3

treewidth = (maximum cluster size) - 1
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|[Example of a Tree Decomposition
|

. ( ABC
p(a)( A |_P(@), p(bla), p(cla,b)

C
'B) Pbl) °
: [ BCDF
~ p(db), p(flc,d)
Tt —

p(Cla,b)(@.......;. ...... @p dlb) @ BF

ANVZ e N

p(flc.d) ( F EF
\@ (]
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| Tree Decompositions
|

A tree decomposition for a graphical model < X,D,P >isa [ ABC J
triple<T, 7, >, where T = (V,E)isa treeand y and y are labeling (&) P(0la), p(cfa,b)
functions, associating with each vertex v eV two sets, y(v) < X and BC
w(v) < P satisfying : SCOF

1. For each function p, € P there is exactly one vertex such that [ o(dlb), p(fic.d) J

P; € w(v)and scope(p; ) < x(v)
[ 2.For each variable X, € X theset{v eV|X; € y(v)}formsa ] BF

connected subtree (running intersection property)

e

Connectedness, or
Running intersection property

BEF J
p(e|b,f)

EF

[ EFG J
p(gle.f)

Tree decomposition
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‘ Message passing on a tree decomposition
|

cluster(u) =y (u) u{h(x;,u),h(x,,u),....,h(x ,u),h(v,u)}

For max-product

Just replace ), .
With max. Compute the Message .
h(U,V) - Zelim(u,v)ercluster(u)—{h(v,u)} f

Elim(u,v) = cluster(u)-sep(u,v)



Cluster-Tree Elimination (CTE), or
Join-Tree Message-passing

|
1| ABC
| hey0.0= p(@)-plbla)-p(cla,b)
BC
h(2,1)(b’C) = Z p(d |b) p(f |Cvd)'h(3,2) (b, f)
2| BCDF
h(2,3) (b1 f) = Z p(d |b) p(f |C’d) ’ h(l,2) (b,C)
BF |
o (b, )= Z p(elb, f)-h,s(e )
3| BEF
h(3,4)(e' f) :Z p(e|b, f)'h(z,s) (b, f)
EF b
CTE is exact

T h(4,3)(e’ f)=p(G=g.lef)

Time: O ( exp(w+1) ) 4| EFEG

Space: O (exp(sep))

For each cluster P(X|e) is computed, also P(e)
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‘ Examples of (Join)-Trees Construction

,? =



‘Roadl\/lap: Introduction and Inference

* Inference algorithms, exact
— Bucket elimination for trees
— Bucket elimination
— Jointree clustering

— Elimination orders
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| Finding a Small Induced-Width
I

* NP-complete
* A tree has induced-width of ?
* Greedy algorithms:

— Min width

— Min induced-width

— Max-cardinality and chordal graphs
— Fill-in (thought as the best)

* Anytime algorithms

— Search-based [Gogate & Dechter 2003]
— Stochastic (CVO) [Kask, Gelfand & Dechter 2010]

Dechter & Ihler Deeplearn 2017
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| Greedy Orderings Heuristics
I
* Min-induced-width

— From last to first, pick a node with smallest width

e Min-Fill
— From last to first, pick a node with smallest fill-edges

Complexity?  O(n3)
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| Min-Fill Heuristic
|

e Select the variable that creates the fewest “fill-in” edges

Eliminate B next?
Connect neighbors
“Fill-in” = 3:

(A,D), (C,E), (D,E)

Eliminate E next?
Neighbors already connected
“Fill-in” =0

A

| ./

®
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| Different Induced Graphs
|

A
F
B C E
D
D
C
E
F
B
A F O \
(2) (©) \ (@
A Min-IW ordering

A Min-fill ordering




\Chordal Graphs

* A graph is chordal if every cycle of length at least 4 has a chord

<> o PP

* Deciding chordality by max-cardinality ordering:
— from 1 to n, always assigning a next node connected to a largest set of previously
selected nodes.

* A graph along max-cardinality order has no fill-in edges iff it is
chordal.

* The maximal cliques of chordal graphs form a tree
[Tarjan & Yanakakis 1980]
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| Greedy Orderings Heuristics
I
* Min-induced-width

— From last to first, pick a node with smallest width

* Min-Fill
— From last to first, pick a node with smallest fill-edges
Complexity?  O(n3)

* Max-cardinality search

* From first to last, pick a node with largest neighbors already
ordered.

Complexity? O(n + m)
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| Summary Of Inference Scheme

e Bucket elimination is time and memory exponential in the

induced-width.

* Join-tree (junction tree) clustering is time O(exp(w™)) and
memory O(exp(sep)).

* Bothe solve exactly all queries.

* Finding the w* is hard, but greedy schemes work quit well
to approximate. Most popular is fill-edges

* W along d is induced-width. Best induced-width is tree-
width.



‘Roadl\/lap: Introduction and Inference
I

* Approximate elimination
— Decomposition bounds
— Mini-bucket & weighted mini-bucket
— Belief propagation
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| Decomposition bounds
|

* Upper & lower bounds via approximate problem decomposition
* Example: MAP inference F(z) = fi(z) + f2(x)

0| 20 o| 10 0| 10
1| 40 |=— |1, 20 |—=|1| 20
2| 50 2| 30 2| 20
3| 40 3| 40 3| 00
max F'(x) = max [fl(a:) + fg(.ib‘):|
x xT
50 < |maxfi(z) + maxfo(x)] =40+20 = 60
€T T

— Relaxation: two “copies” of x, no longer required to be equal

— Bound is tight (equality) if f;, f, agree on maximizing value x
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| Mini-Bucket Approximation
|

Split a bucket into mini-buckets —> bound complexity
bucket (X) =

{ R For oo fos frvns oo

J

~"

/ Ax () = max Hf?;(a:, . )\

{fla-“ffr} {fr+1,~~fn}

)\X,l(') meaX Hfz(.fl?,) )\X,Q(-) :mg,x H f@(ﬂi’,
=1 1=r+1

Ax () < Axa() Ax2()

Exponential complexity decrease: O(e™) — O(e") + O(e"™ ")

Dechter & lhler Deeplearn 2017
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‘ Mini'BUCkEt EliminatiOn [Dechter & Rish 2003]
I

mini-buckets

—

ucket 8 f(ab) f(be)  (bd) f(be)
0 T
bucket C: f(c,a) f(c,e) Ap—cl(a,c)
bucket D: /f(a,d) Ap—p(d,e)
. ¥ .
' bucket E: Ac—Ee(a,e) Apk(a,e)
Q e Y bucket A: .f(@) /\E_>A(a;l)

\

U = upper bound
AB—>C(aa C) — Il’lngf(a,, b) f(ba C)

Ap—p(d;e) = max f(b,d) f(b,e)

)\(j_>E(G,, 6) = INnax. ..
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Mini'BUCkEt EliminatiOn [Dechter & Rish 2003]

mini-buckets

L/\ A
bucket B f(a, b)) f(';c)  f(b.d) f(b.c)
\
bucket C: f(c,a) f(c,e) Ap—cl(a,c)
bucket D: /f(a,d) Ap—p(d,e)
. ¥ .
bucket E: Ac—kla,e) Ap~gl(a,e)
Y bucket A: .f(&) /\E_>A(a;l)

\

U = upper bound

AB—>C(a7 C) — Il’lngf(G,, b) f(ba C)
Can interpret process as “duplicating” B

AB—p(d,€) = mg,xf(b, d) f(be) [Kask et al. 2001, Geffner et al. 2007,

Choi et al. 2007, Johnson et al. 2007]
)\(j_>E(G,, 6) = Imax...
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| Mini-Bucket Decoding
|

* Assign values in reverse order using approximate messages

mini-buckets

—
+b* = argmax f(a”,b) - f(b,c") r A v/ A )
g o B f(a,b) f(bye)  f(bd) fb,c)
f(bad)f(be) T
¢’ = arg max flc,a”) - f(e,e”) - Apscol(a™, ) - 'f(C? 2) 16 ¢) Ap~ola c')
D: f(a,d) AB—)D(da 8)
d” = argmax f(a*™,d) - Ap—p(d,e*) | ) '
e — a,rgmgx AC—)E(a*a 6) . )\D—>E(a*, 6) E: |AC’—>E(G;7 6) )\D—>E(aa 6),
a* = argmax f(a) - Ag_a(a) A: lf(@) )\E—>A(0?I)

l

) i U = upper bound
Greedy configuration = lower bound
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\Propertles of MBE(i)

Complexity: O(r exp(i)) time and O(exp(i)) space
Yields a lower bound and an upper bound
Accuracy: determined by upper/lower (U/L) bound

Possible use of mini-bucket approximations
— As anytime algorithms
— As heuristics in search

Other tasks (similar mini-bucket approximations)

— Belief updating, Marginal MAP, MEU, WCSP, Max-CSP
[Dechter and Rish, 1997], [Liu and lhler, 2011], [Liu and lhler, 2013]
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\Tlghtenmg the bound

- Reparameterization (or, “cost shifting”) Fanla,b) + fae(b,c)
— Decrease bound without changing overall function
0/0|o 3.0
o|o| 20 0| o0 1.0 01110 20
1|/0| 35 — 0/ 1| 00 — Il 9
0|1 1.0 10 1.0 T 1/0]9 45
11| 30 11 30 11011 35
1010 4.0
rréaéxfl(a, b) — max fa(b, ¢) 1[1]1 6.0

AB—AB(b) + AB—BC (D) =0

(Adjusting functions
olo| 20 . 0/0| 1.0 0 cancel each other)
—_— |10 35 —+ |0]1] 00
0/1| 1.0 10| 1.0
11 3.0 + 1,1/ 3.0 B (Decomposition bound is exact)
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Add factors that “adjust”

| Decomposition for MAP &l

/\1_+ 13 (;’l’fl) /\.‘3—‘»115 ('JTQS)

613

/\1_+ 12 (;’l’fl) /\.‘3—‘»215 ('JTQS)

Reparameterization'

Z )\;—Hy =0

_ : _ a7
Ao—s12(x2) Ao—s23(22)
log f(x = max g 0o (Xa) {)1\11111 g Ilgl(aX O (Xa)+ E Niosa (i) |
T —r X @ ZEG

* Bound solution using decomposed optimization
* Solve independently: optimistic bound

* Tighten the bound by reparameterization

— Enforces lost equality constraints using Lagrange multipliers
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Add factors that “adjust”
each local term, but

| Decomposition for MAP =i

A—13(21) 6 A3—13(23)
13

/\\1_>12(£I,’1) /\\IB—‘zi’,Ij (Jd)

Reparameterization:

Vit > Ajoala;) =0

N | adj
A2—12(22) Ao—s23(22)
log f(x maXZQ (Xe) min Z max | 0 (Xa)+ Z)\i_m;(:l?;;)]
{As—hn Xo iCa
* Many names for the same class of bounds
— Dual decomposition  [Komodakis et al. 2007]
— TRW, MPLP [Wainwright et al. 2005; Globerson & Jaakkola 2007]

— Soft arc consistency [Cooper & Schiex 2004]
— Max-sum diffusion [Warner 2007]
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Add factors that “adjust”

| Decomposition for MAP &l

/\1_>13(;If1} P /\3—>13 (4133)
13

/\1_>12(;1’f1) /\3—>23 (3:73)

Reparameterization:

Vit > Ajoala;) =0

a7

/\\2%12(332) )\2423(1‘2}
log f(x maXZQ (Xe) {)1\11111 Z H)lcaX O (Xa )+ Z/\@_%a(m)]
1—r X @ 'Z,E(_l/

* Many ways to optimize the bound:
— Sub-gradient descent  [komodakis et al. 2007; Jojic et al. 2010]
— Coordinate descent [Warner 2007; Globerson & Jaakkola 2007; Sontag 2009; Ihler et al 2012]
— Proximal optimization [Ravikumar et al. 2010]

— ADMM [Meshi & Globerson 2011; Martins et al. 2011; Forouzan & lhler 2013]
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log f(x = max Z 0o (Xa)

* Many ways to optimize the bou?P"

— Sub-gradient descent
— Coordinate descent
— Proximal optimization
— ADMM

Dechter & Ihler

1\1_+1:5(21‘1}

1\1—+12(21‘1)

Aos12(x2)

{As—wm

Add factors that “adjust”
each local term, but

| Decomposition for MAP =i

A3-313 (Jd)
013

A3-523 (Jd)

Reparameterization:

. a7
Ao—s23(22)

min Z Dgl(aX 0o Xa)JFZ)\i—m:(ifi)]

1€

[Komodakis et
[Warner 2007;
[Ravikumar et

[Meshi & Glob

Relaxation \
-

upper bound

Vii > Ajsalz))

MAP |

DeepLearn\N\l/

™ Decoded configurations/m/

12]



| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent

A B f,(AB) (B B C £,(BC) -(B)
olo| 10 0/o| 50
0 0
—_— 1| 0 0.0 + 0|1 2.0
01 0.0 1|0 1.0
0 0
1|1 2.5 1|1 1.5
0| 2 1.0 210 0.2
0 0
12 3.0 21 0.0
max fi(a,b)  +  max fa(b,c)
+AB—aB(b) + AB—BC(D)
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| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent

A B f,(AB) .(B) B C f,(BC) -.(B)
olo| 10 0/0| 50
+1 -1
— 1| 0 0.0 + 01 2.0
01 0.0 1|0 1.0
0 0
11 2.5 11 1.5
0| 2 1.0 210 0.2
-1 +1
1) 2 3.0 21 0.0
maxfi(a,d)  +  maxfa(bo)
+ABaB(D) + A= BC(b)
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| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent

A B f,(AB) .(B) B C f,(BC) -.(B)
olo| 10 0/0| 50
+1 -1
— 1| 0 0.0 + 01 2.0
01 0.0 1|0 1.0
0 0
11 2.5 11 1.5
0| 2 1.0 210 0.2
-1 +1
1) 2 3.0 21 0.0
maxfi(a,d)  +  maxfa(bo)
+ABaB(D) + A= BC(b)
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| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent

A B f,(AB) .(B) B C f,(BC) -.(B)
0olo0| 1.0 0/0| 50
+2 -2
— 1| 0 0.0 + 0|1 2.0
01 0.0 1|0 1.0
-1 +1
11 2.5 11 1.5
0| 2 1.0 210 0.2
-1 +1
1) 2 3.0 21 0.0
max f1(a,b) + max fa(b, c)
+ABaB(D) + A= BC(b)
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| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent

A B f,(AB) .(B) B C f,(BC) -.(B)
Both parts agree on 0|0 10 5 0/0] 50 5
the optima value(s): — | 1]0] 00 4 (o] 1] 20
zero subgradient 01 0.0 P 1|0 1.0 "
11| 25 11| 15
0ol2| 10 2/0/| 02
-1 +1
12| 30 21| 00
max fi(a,b)  +  max fa(b,¢)
+ABaB(D) + A= BC(b)
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| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent
— Coordinate descent G
O-a®) OO

faB

Easy to minimize over a
single variable, e.g. B: 00| 10 00| 50
— |1/0]| 00 4 01| 20
Find maxima for each B 0|1 0.0 1|0 1.0
Match values between f’s 1)1 2.5 11 1.5
0|2 1.0 2,0 02
12| 30 21| 00
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| Optimizing the bound
|

e Can optimize the bound in various ways:
AB—AB AB—BC

— (Sub-)gradient descent
— Coordinate descent G
O-a®) OO

faB

Easy to minimize over a A B T.(AB) .(B) B C f(BC) -.(B)
single variable, e.g. B: 0/0] 10 | .05 0/0| 50 | 405
— |10 0.0 +2.5 —+ 0|1 2.0 - 2.5

Find maxima for each B 01| 00 | .15 10| 1.0 | 415
Match values between f’s 11 25 | +0.75 1)1 1.5 |-0.75
0|2 1.0 15 20| 02 415

12 3.0 +0.1 2|1 0.0 -0.1

max f1(a,b) + max fa(b, c)
+ABaB(D) + A= BC(b)
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\I\/Iml Bucket as Decomposition

[Ihler et al. 2012]

mini-buckets

max log f(a,b)- f(b,c)/Ap_c(a,c) ] =0 -
max log (b, d) - F(bye)/Apn(d, 6)}: 0 B:  fla,b) f(bc)  f(b,d) f(b,e)
max log [(c.a) £(e,e) Apc/Acs | = 0 € flea) fle.e) Apaolaq)
i D: f(a,d) \p—p(d,e)
1313)5 log _f(a’ad) )\B—>D//\D—>E}: 0 ! ! '
E: Ac—el(a,e) Ap~g(a,e)
II;‘]&X log /\C’—>E /\D—>E//\E—>A] =0
A: lf(a) )\E_m(a;l)
max log | f(a) )\E_m(a,)} = logU X

U = upper bound
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| Mini-Bucket as Decomposition

| [Ihler et al. 2012]
* Downward pass as cost shiftinA Join graph:
e (Can also do cost shifting within B:

mini-buckets:

“Join graph” message passing C:
e “Moment-matching” version: D:

One message exchange within

each bucket, during downward E:

sweep

A:

e Optimal bound defined by cliques

(“regions”) ancz! cost-shifting f'n U = upper bound
scopes (“coordinates”)
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| Anytime Approximation
|

-105

i=1 20 T 'i':"']:" L B e LRt B B ST
102 "o -1 «  WBE + WBE
m  MBE+MN sac m MBE+MM
-0+ —_MBE+IG —_ MBE+HIG |
2582 i: 3
naz - ]
o =5
=7 300
114 ™ - 9 -
118 - . e 1=11 e e =5
=13 .
118 - s | = ]_5 | = ? j = g | — ]_]_
320 * * i=13
120 | .
122 | 330
s pedigree20 o o _|Lpe digree37

* (Can tighten the bound in various ways
— Cost-shifting (improve consistency between cliques)
— Increase i-bound (higher order consistency)

* Simple moment-matching step improves bound significantly
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| Anytime Approximation
|

-105

' i=1 270 'i-:--i-n T T R IR T eI
102 Se o3 + WEBE _ + WBE

'. m MBE+MN 280 m MBE+NM
g . ————MBEHG || ———— MBEXJG |

"I 280 . =3
nz :.;1:1 -i: 5 -

+ VIVl
114 m, el= ?I _q 300
. - 1 — | ]
118 - L e 1=11 e e =5
1=13 _
118 . * s 1=15 ] .'_? =g i=11
[ aan . . .
=15 < =13
120 - . *l- . n . . °
anT .
122 ¢ 330
edigree20 e
-124 'p g = + 1 * = * . * -340 pe.ql;g{ E.EJ? W ] W 1
* (Can tighten the bound in various ways
— Cost-shifting (improve consistency between cliques)

— Increase i-bound (higher order consistency)

* Simple moment-matching step improves bound significantly
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| Anytime Approximation
|

-105

pedigree20

3 e WBE
m MBE#MM

-

——— MBE#IG | |

Dechter & lhler

-270

-314

-

-320

-330

-34D

* (Can tighten the bound in various ways

— Cost-shifting

(improve consistency between cliques)

— Increase i-bound (higher order consistency)

* Simple moment-matching step improves bound significantly

Deeplearn 2017

=1 e WBE
m MBE#MM
o _MBE#)G
1=3
L]
=———— 1
\
1
L]
=== a
o x5
I---\IEJ =90 i=11
e e . i=13
-.-IH““-H -
i"-u..r_:.-»,_!'::___‘*‘-
pedigree37
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! Decomposition for Sum . _. .
* Generalize technigue to sum via Holder’s inequality:

S h@ fe < [ AT [ pwE]

wp +wy =1

* Define the weighted (or powered) sum:

w1

D fla) = [Zf(iﬂl)w%rl

I

— “Temperature” interpolates between sum & max:

— Different weights do not commute:

w1  Wao w2 Wi lim §

E:Xf(ifl'lf?) 7A E: E: f(@l,{l?g) w—0+ a:_l

1 Ia r2 T

J

() = max f(x)
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| Decomposition for Sum e i e o

I /\1_\,1:1. w /\:i—ﬂi’)
, \13,1 5 W13
A1-512 M A3-523
w121 w23,3 . .
Reparameterization:
Vi Z Nisalz;) =0
a7
W
log Z = IOgZeXp {ZOO‘(XO‘)} < min Z log 2_4 exp [QQ(XQ + ZAi.—;-a:(;l':i_)]
X oY {Aival o X o i€
{“-‘w,i}
Fixed eliminati g Weights:
¢ IXed elimination oraer
Vit ) Wy =0
* Assign weight per clique & variable =y
Ex: w;,=[05 03 - ]
* Again, tighten bound by reparameterization xBfEO'S . 82}
23~ L ~ - -

— Can also optimize over weights
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| Weighted Mini-bucket o
|

wp1 wp1 +wpy =1 mini-buckets
AB%C_EE:f(aab)'f(bac) A/\ .
e B: f(a,b) f(b,e)  f(b.d) f(bic)
Ason = Y (0.d) - f(bre) —
b C: flea) fle,e) Ap—clasc)
Nop = Z Fle,a)- fle,€) - Apoo D: \lf(@ad) )\xB—hD(da 8)
; E: Acela,e) A g(a,e)
/
& f(@) Apoila)

Compute downward messages X

using weighted sum U = upper bound

Upper bound if all weights positive
(corresponding lower bound if only one positive, rest negative)
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‘Roadl\/lap: Introduction and Inference
I

* Approximate elimination
— Decomposition bounds
— Mini-bucket & weighted mini-bucket
— Belief propagation
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|Variable elimination in trees

I Computing all marginal probabilities:

* Two-pass algorithm
— Pass messages upward to a root
— Pass messages back downward
— Messages summarize marginalization
of sub-model rooted at that node

* Use messages to compute marginals
* Can also update all messages in parallel, until converged

/Calculating messages: \ fCaIcuIating marginals: \
7”’:,_—%(1 H mg-—si xz) p(z,z) X H 'J"?‘E.&_____;;.@'(;E.i}
B#a a1

I?La-% Ol Z fa Jfa H?’)L;—m ,1,3) p(:z’;a) X fa(;}ja,)
N ST AN
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\Loopy belief propagation

* Apply the same local updates in arbitrary structure

— More precisely, often called the “sum-product” algorithm

Resulting algorithm computes “beliefs” b J1

— May not converge

— Initialization & schedule can matter

— Is approximate: b(x;) ~ p(x;)
— But, is often pretty good in practice

(quality depends on how “tree-like” the model is)

/Calculating messages: \

.

Mo (2

H mpg—q xz)

B#o

m/am}z C’Q E fa xa H(m»j—m J’j)
LY \?? .976?’ j
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[Pear| 1986]

/35

/“Calculating marginals:




|Example: Ising model
|

* Log-factors 0;,6: ~ U[—0.5,0.5] @ @ @

@)@
9
g

True probabilities "

0.9 . . . . . We’ll see these ideas
2 4 & 8 10 again in Class 3...
Iteration !
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‘Roadl\/lap: Introduction and Inference
I

*  Summary and Class 2
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| Preview of Class 2
|

* Class 1: Introduction and Inference

N VoW
\ /ot
© @‘m‘@'@
Q) ©

* (Class 2: Search

ROEH OB O® O

OR éfﬂs'%
0l (il

Context minimal AND/OR search graph
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