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| Approximate Inference
|

* Two main schools of approximate inference

* Variational methods —
— Frame “inference” as convex optimization 7
& approximate (constraints, objectives)
— Reason about “beliefs”; pass messages f —
— Fast approximations & bounds ;

— Quality often limited by memory

* Monte Carlo sampling
— Approximate expectations with sample averages
— Estimates are asymptotically correct
— Can be hard to gauge finite sample quality
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|Graphical models
|

Example:
A graphical model consists of: Ae{0,1}
X ={X1,...,X,} --variables B e {0,1}
D — {Dl o Dn} - domains (we’ll assume discrete) O c {O, 1}

— -- functions or “factors” . ,
F= e Jan) faB(A,B), fso(B,C)

and a combination operator

The combination operator defines an overall function from the individual factors,
e.g., +" ! F(A,B,C) = fap(A,B) + fgc(B,0C)

Notation:
Discrete Xi) values called “states”
“Tuple” or “configuration”: states taken by a set of variables
“Scope” of f: set of variables that are arguments to a factor f
often index factors by their scope, e.g., fo(Xo), Xo CX
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|Graphical models
|

Example:
A graphical model consists of: Ae{0,1}
X ={Xy,...,X,} --variables B e {0,1}
D — {D1 Dn} - domains (we’ll assume discrete) O c {0’ 1}

— -- functions or “factors”
F {fal,...,fam} fAB(A,B), ch(B,.C)

and a combination operator
F(A, B, C) — fAB(A: B) + fBO(B?C)

For discrete variables, think of functions as “tables”

(though we might represent them more efficiently)
0/0|o0 12
0|01 6
0]0 6 0|0 6 _ ol1/1 6 =0 +6
01 0 -+ 0] 1 0 — 1{0]0 6
110 0 1,0 : 101 0
il ° L) 1 6 1(1]0 6
F(A=0,B=1,C=1) 111 12
D
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|Canonical forms
|

A graphical model consists of:

X ={Xy,...,X,} --variables

D={Dy,...
F={fo,--

and a combination operator

,D,} --domains
., fa,, }-- functions or “factors”

Typically either multiplication or summation; mostly equivalent:

-

.

fa(Xa) >0

F(X) — Hfa(Xa)

~

J

Product of nonnegative factors

(probabilities, 0/1, etc.)

log / exp

-

.

QG(X(X) — log fa(Xaz) eR

6(X) =log F(x) = ) 6a(Xa)

~

J

Sum of factors
(costs, utilities, etc.)



‘ EX. D B M S [Hinton et al. 2007]

I .
« Example: Deep Boltzmann machines

— 784 pixels < 500 mid <~ 500 high < 2000 top < 10 labels
X ht h? h3 y
— Induced width? ~2000!

&
:
2

s Meural N Simulation [

N KN EN EN ES
I K A I
=1 =Py
HdFAFANA kY
EAEAEIEl P
ERIELEN
| |9 |~ N 2|
FEE IMEsr4aed
Fd El1FAVE VA
| 2|5 || % |
El EIFAZIE B2
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‘ EX. D B M S [Hinton et al. 2007]

I .
« Example: Deep Boltzmann machines

— 784 pixels < 500 mid <~ 500 high < 2000 top < 10 labels

— Induced width? ~2000!
— Generative model: can simulate data, use partial observations, ...

—

~?i" Hinton's Neural Network Simulation (Gene..., ==

. ENENENEN
I8 KGN i N
=l RIE=IEIP= .
AY .
===z
ESENE{ER
W te|l | 2] 2 )
G1EAVAvaA Fix output,
PIICIE] K4 _ _
El EieErmEa B3 simulate inputs

I I M M [ DECREASE SPEED DETAILED VIEW

(¥4 1.5m parameters)
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| Types of queries
|

» Max-Inference f(x*) =max | [ fa(xa)
» Sum-Inference Z=> 1] faxa)

» Mixed-Inference | f(x};) =max » |] fa(xa)

* NP-hard: exponentially many terms

« We will focus on approximation algorithms
— Anytime: very fast & very approximate ! Slower & more accurate

Dechter & lhler Deeplearn 2017
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|Outline
|

* Variational methods

. e, ﬁ
— Convexity & decomposition bounds y) ,
— Variational forms & the marginal polytope
— Message passing algorithms T ~
— Convex duality relationships ;
—l
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|Outline
|

* Variational methods

—

— Convexity & decomposition bounds y) ,

— Variational forms & the marginal polytope

— Message passing algorithms T ~

— Convex duality relationships ;
—l
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\Vector space representation

- Represent the (log) model and state in a vector space

O(z) = 01(x1) + O2(x2) +

i ¥
(w3)-m~(z4)
m/é’z(wz)

0 0.5

0 0 -1.0
0 1 2.0
1 0 0.0
1 1 1.0

Dechter & Ihler

1| 075 A
O12(x1, x2)

—

A

/’
01(3;1)/’ {

o+ Oz, ) + ..

0.5

0.75

-1.0

2.0

0.0

1.0

T

ol kL, || O

o|lr ol O|:

Evaluating the function is a dot product in the vector space:

Deeplearn 2017
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\Inference Tasks & Convexity

* Distribution is log-linear (exponential family):

—

(217)} g “natural parameters

—

p(z) = Ef(a:) o exp |6 - u

* Tasks of interest are convex functions of the model:

log f(x™) = max 0 logZ:logZexp {55}

FeX
e FEX

I R R R R LR R > D < R >

Dechter & Ihler Deeplearn 2017
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|Bounds via Convexity
|

* Convexity relates target to “nearby” models

— Some of these models are easy to solve! (trees, etc.)

— Inference at easy models + convexity tells us something about our model!

* Lower bounds:

Mean field
Negative TRW

“easier” model:
efficient to do inference

target model:

Dechter & Ihler Deeplearn 2017
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|Bounds via Convexity
|

* Convexity relates target to “nearby” models

— Some of these models are easy to solve! (trees, etc.)

— Inference at easy models + convexity tells us something about our model!

* Upper bounds:

TRW
Decomposition

“easier” models:
efficient to do inference

-
-
-
-

-
-
-
-
——_——
-
-
-
-
-

target model:

Dechter & Ihler Deeplearn 2017

— inference is hard!



\Tree reweighted MAP 50(3) —

- Let T,, T, be two (or more) tree-structured models, with

0 = w1 0 +wy 6P

* Each T, is easy to solve:

251 — max g . 7

xz

* And by convexity,

max 0 -7 < w;max o) .z 4 Wo MMax 02 .z

9"(1) 0.25 (23]
e Minimize bound? =

— Convex objective, linear constraints

0.0
0.0
912(:‘}:1?332) 0.0
0.0
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\Decomposmon Bounds

- TRW MAP is equivalent to MAP decomposition

max {9 . ﬂ

<

min max [’ZU} é’(l)

(9(1) 0(2)
min
p(A) 9(B)

min
{Ai—ra}

Dechter & Ihler

—

max [6_’,(‘4) *] + max [67(

4

T T

maX o Z Ni—sa)

] + max [’lbgg( ).

B)

’ a

-7

} 67 = Uun é’(]) + w2 5’(2)

§ = § 4

=Y

<l

(on trees, decomposition bound = exact inference)

4 min N

p(A) 9(B)
- o © /

Deeplearn 2017

4 min N

{Nisat

s

More compact
Faster optimization
Reparameterization “messages

”
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\Tree reweighted SUM 4.5 - 103" ew[7- 9

* LetT, T, betwo (or more) tree-structured models, with

—

§ = w80 4§ — g 4 giB)

* Again, we have

‘1’1(5) < un (1)1(67(1)) + wo @1(5(2))
w1 Wo e 6(1)
logE exp [6’(‘4) + 1og§ exp [9(3) ]

4 9" N 4 min N 4 min N
g(A) §(B) {Aisa }
@‘@ - =
@ W, W,
N J e =Y \" 1/

(if T,, T, share an elimination order)

Dechter & lhler Deeplearn 2017 19



‘ Negatlve TRW Cbl(#):logZeXp[é_”of]

We can also get a lower bound via decomposition:

0 — Bt )—I—a(_@( )_9(1))
— w0 £ e D = g 4 g(B)

a>1 H—*
: _ Sowy > 1, 0
Identical bound computation, w2 > 1, W1 <
but with all weights but one negative:

B1(0) > wy &1 (01 4 wy D4 (9?)

= log z: exp [Eﬂ A); ] + log E exp W(B);ﬂ

L)

51

20
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|Outline
|

* Variational methods

. e, ﬁ
— Convexity & decomposition bounds y) ,
— Variational forms & the marginal polytope
— Message passing algorithms T ~
— Convex duality relationships -
—l
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\Varlatlonal forms

- Reframe inference task as an optimization over distributions q(x)

* Ex: MAP inference maxlog f(x) = log f(z*) = max E,|log f(x)]
T q

Optimal q(x) puts all mass on optimal value(s) of x: ¢*(z) = 1|z = z*]
(mass on any other values of x reduces the average)

* Sum inference: - %
log 7 = Iong = max Eqllog f(z)] + H(x; q)

Proof:

qg\x
D(qllp) = Z q(z) log [ 11](0(1)} (Kullback—Leibler divergence)
T 7 ol

= —H(x; q) — Eyllog f(x)] + log Z
Equal iff

= log Z > E,log f(x)] + H(x; q) q(x) = p(x) =

1,
Ef(l“)

 How to optimize over distributions q?

Dechter & lhler Deeplearn 2017 22



| The marginal polytope

* Rewrite log f(z*) = - = I .
log f(2") = max E,[log f(z)] = max E o0& max - [

and similarly, log Z = max g g+ H([)
pnemM

(max entropy given 1)

fi = EqZ] M={j: 3q:i=E,d}
(the marginal probabilities of q) (set of all valid marginal probabilities of q)
T f=E,|7] “marginal polytope”
0 } 9(X:=0) oo
xr1 = _ X = (0,0):
: A=) [1,0,0,0]
0 :
0 ~N |:> q(X,=0,X,=0) X=(1,
0 ) q(X,=0,X,=1) — [0,0
L1, T2 iy
1 X,=1,X,=0
_ ( 0) alX, ,=0) X=(1,0):
0 ~ ' [0,0,1,0

Dechter & lhler Deeplearn 2017 23



\Varlatlonal perspectives

* Replaceq2 P and H(g) with simpler approximations

logp(z™) = max E,[log f(x)
c

log Z = max E,[log f(x)| + H(z; q)

qgelP

* Algorithms and their properties:

Method distributions  entropy  value
Max: Linear programming geLDOP n/a Pip > p(x™)
sum.  Mean field {¢=1lqi(z;)} CP exact Ims < Z
Belief propagation geLDOP Hg ~ H(q) Zg =~
Tree-reweighted gelL2OP H;. > H(q) Tow > 7
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\Varlatlonal perspectives

* Replaceq2 P and H(g) with simpler approximations

logp(z™) = max E,[log f(x)
c

log Z = max E,[log f(x)| + H(z; q)

qgelP

* Algorithms and their properties:

Method distributions  entropy  value
Max: Linear programming geLDOP n/a Pip > p(x™)
sum. Mean field {¢=1lqi(z;)} CP exact Ims < Z
Belief propagation geLDOP Hg ~ H(q) Zg =~
Tree-reweighted gelL2OP H;. > H(q) Tow > 7
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il\/lean Field

* We can design lower bounds by restricting q(x) q(z) = H‘Yi("”%’)
— Naive mean field: g(x) is fully independent i
— Entropy H(q) is then easy: ) Hq) = Z H{(q;)

. Optimizing the bound via coordinate ascent:

E,[0(z)] + Eq[ ) 0a(za)] + H(q:) + const
=K, [bgg(ﬂ?z‘)] (fZH(qz')
= D(q; | ¢;) log gi(wi) = Eq_, [Z 90:(4706)]

Coordinate update:

) qi(i) o< exp [ E,_, [Zga(xa)” jFi

Dechter & Ihler Deeplearn 2017 26



| Mean Field

I . L.
* We can design lower bounds by restricting q(x) q(z) = Hq%‘(m%’)
— Naive mean field: g(x) is fully independent i
— Entropy H(q) is then easy: ) H(q) = Z H(q;)

* Optimizing the bound via coordinate ascent:

qi(x;) o< exp [ Eq, [Zea(xa)ﬂ

a1
“Message passing” interpretation:
\qlA(A) Updates depend only on Xi’'s Markov blanket

Naive Mean Field

\:M(i‘%(?(c) 1: Initialize {q;(X;)}
2: while not converged do
3: fori=1...ndo
\ 4 Ma—i(Ti) = exp [Z 0o (Ta) H q;j (x.!)]
qs(B) mpce—c(C) Ta\i jEa\i
qi(E) 5: qi(z;) o E Mea—i(T5)
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| Naive Mean Field
|

* Subset of M corresponding to independent distributions?
— Includes all vertices (configurations of x), but not all distributions
— Non-convex set; coordinate ascent has local optima

q(z) =] [ ai(z:) MF = {ji + Haqi}: i =E,[7] }
i (set of marginal probabilities of independent q)
ji = Ey[7] ji = Eyfd]
q(X;=0) 1-0,
q(X;=1) a, X = (0,0):
q(X,=0) 1-q, d [1,0,0,0]
q(X2=l) q2
q(X,=0,X,=0) \—> (1-q,) x (1-9,) X=(0,1):
q(X,=0,X,=1) (1-q,) X 0, :jl> [0,1,0,0]
q(X,=1,X,=0) d: X (1-9)
X=(1,0):
[0,0,1,0]
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\Varlatlonal perspectives

* Replaceq2 P and H(g) with simpler approximations

logp(z™) = max E,[log f(x)
c

log Z = max E,[log f(x)| + H(z; q)

qeP

* Algorithms and their properties:

Method distributions  entropy  value
Max: Linear programming geLDOP n/a Pip > p(x™)
sum.  Mean field {¢=1lqi(z;)} CP exact Ims < Z
Belief propagation geLDOP Hg ~ H(q) Zg =~
Tree-reweighted gelL2OP H;. > H(q) Tow > 7
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| The local polytope
|

* Unfortunately, M has a large number of constraints

— Enforce only a few, easy to check constraints?

— Equivalent to a linear programming relaxation of original ILP

fi = Eq|7]

JUS I : “local consistency” polytope

q(X;=0)

/ izl € [07 1] All probabilities
are within [0,1]

tij:kl € 0,1]

q(X;=1)

q(X2=O)

q(X,=1)

q(X,=0,X,=0) |

q(X;=0,X,=1)

q(X;=1,X,=0)

A(X,=1,X,=0)

Dechter & lhler

Deeplearn 2017
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| The local polytope
|

* Unfortunately, M has a large number of constraints

— Enforce only a few, easy to check constraints?

— Equivalent to a linear programming relaxation of original ILP

fi = Eq|7]

JUS I : “local consistency” polytope

q(X;=0)

q(X;=1)

q(X2=O)

q(X,=1)

q(X;=0,X,=0)

q(X;=0,X,=1)

q(X;=1,X,=0)

q(X;=1,X,=0)

Dechter & lhler

pisk € 0, 1] All probabilities
pijir € [0, 1] - are within [0,1]

o =1 , .
Z Hisk Each marginal probability
L isnormalized to sum to one

Deeplearn 2017
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\The local polytope

- Unfortunately, M has a large number of constraints

— Enforce only a few, easy to check constraints?

— Equivalent to a linear programming relaxation of original ILP

fi = Eq|7]

JUS I : “local consistency” polytope

q(X,=0)

q(X;=1)

q(X2=O)

q(X,=1)

q(X;=0,X,=0)

q(X;=0,X,=1)

q(X;=1,X,=0)

A(X,=1,X,=0)

Dechter & lhler

Hi:k S [07 1] —

tij:kl € 0,1]

—

ZIIJ‘Z] skl — Mk ]-

Z:uzj kl = My

All probabilities
are within [0,1]

Each marginal probability
is normalized to sum to one

Marginal of (x;, x)
is consistent with marginal of x;

(& similarly, consistent with x; )
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| The local polytope
|

* Local polytope does not enforce all the constraints of M:

— Ex: all pairwise probabilities locally consistent, but no joint q(x) exists:

U1 = o = U3 112 T 113 T3 123 T3
[ 2] n( % %) w[% &) w8 %)
(r1 = x2) (21 = z3) (2 # x3)

(also illustrates connection to arc consistency in CSPs, etc.)

* But, trees remain easy

— If we only specify the marginals on a tree, we can construct q(x)

(@)-(23 (@) @) = aler) - q(zzle) - gsler)
N Ut Bt
@ (@3 1 H1 H1

IL = M on tree-structured distributions
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| Duality relationship

I
* Local polytope LP & MAP decomposition are Lagrangian duals:

logf( )<max[zgzkﬂzk+ Z 67,3 kl Hig; kl]

1,75k,!

subject to (a) normalization constraints (enforce explicitly)
(b) consistency: Zl Mijskl = Misk Zk [ij:ki = W4 (use Lagrange)

L — mgxmin Z Ok ik + Z Okl gkl + Z /\?‘—w'fj-k ZWJ'M — k)
i,k

1,7,k 1,7,k
< nunmax E Q?kﬂ?k"{_ E 923 ikl Mg kl+z)\a—>7gﬂ ZNJU skl — Nak)
1,9,k,l 1,9,k
— 111111 maX Z ik — § )\?—M} k M? kT E ?3 kl 7—>'alj;i<: + )\‘jﬁfé‘j;l)ﬂij;kl
1,7,k,l
ik j 3,7,k ol
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\Duallty MAP

Prlmal max | Oo(Xa)+ > Ao (2
im0 e [Bala) 3 A
Reason about subproblems
/ min N 4 min N
(A) 95) {’\i—}f\}

) “Messages” adjust overlapping
(1) () subproblems
\_ e (@ - Reparameterize subproblems to

decrease upper bound

Reason about “beliefs” (marginals)

Constraints enforce overlapping
beliefs are consistent

Optimum over beliefs gives upper
bound
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|Regions

I . :
* Generalize local consistency enforcement

Factor graph Dual graph

Beliefs: HFGH,s UWFGI,s - - -

_ Consistency'
Separators = coordinates

of bound optimization (,) Z nrcua(f,9,h) = ;UFG f}) = Z wrcr(f,g,1)
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|Regions

I . :
* Generalize local consistency enforcement

 Larger regions: more consistent; more costly to represent

Factor graph

Beliefs: uprap. nrar, ...
Consistency:

Z_ nrca(f,9.h) = pra(f,9) = Z prcr(f,g.1)
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|Regions

I . :
* Generalize local consistency enforcement

 Larger regions: more consistent; more costly to represent

Factor graph Dual graph
Beliefs: UFGHT, - - -

Consistency:

ZNFG’Hf(ﬁ 9,h,t) = peur(g, h,i) = ...
a

Dechter & Ihler Deeplearn 2017
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|Regions

* Generalize local consistency enforcement

 Larger regions: more consistent; more costly to represent

Factor graph

Dechter & lhler

Junction tree:
Approximation is exact!

Dual graph

Beliefs: UFGHT, - - -
Consistency:

> wrcri(f.g9,hi) = pari(g, h,i) = ...

Deeplearn 2017 40



maore accuracy

—_—
———

less complexity
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| Mini-bucket Regions
|

* Mini-bucket elimination defines regions with bounded complexity

mini-buckets

A‘/\A Join graph:
B: f(a.b) f(b.c)  f(b.d) F(boc),
\
C: lf(c? a) f(c,e) Ap—c(a, ¢)
D: \lf(&, d) Ap—p(d, 6)
!
E: I)\C_>E(a,e) )\E—>E(a7€),

A: |f(a,) /\E—>A (&.)

X

U = upper bound U = upper bound

Dechter & lhler Deeplearn 2017 42



\Varlatlonal perspectives

* Replaceq2 P and H(g) with simpler approximations

logp(z™) = ma}g{ E,llog f(x)
c
log Z = maﬁ{ E,llog f(x)] +|H(x; q)
qge

Approximate entropy in

. ) ] terms of local beliefs
* Algorithms and their properties:

Method distributions  entropy  value
Max: Linear programming geLDOP n/a Pip > p(x™)
sum.  Mean field {¢=1lqi(z;)} CP exact Ims < Z
Belief propagation geLDOP Hs ~ H(q) Zg =~
Tree-reweighted gelLoP Hi > H(q) Ty > 7
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| Bethe Approximation
|

* Need to approximate H in terms of only local beliefs

* Intrees, H has a simple form:

@ @ H(p) = —E|log p(ﬁ'fl)P(-"L'z\l'l)P($3|$1)]

p(xe, z1) p(as, 1) ]
p(z1)  p(x1)

— _El1loe vl ol nl 2 p(x2,x1)  plzs,x1)
@ = —E|log p(z1) p(x2) p( :3)p($1)p(;€2) p(m)p(xs)]

Then, H(p) = = ZH[p(x?;)] - Z [p(xi, z;)]

ijEE

—E|log p(x1)

Depends only on pairwise marginals!

Called the “Bethe” approximation in statistical physics
see [Yedidia et al. 2001]
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|Bethe Approximation

* Suppose we want to optimize

max ZEb a(za)] + ZH Zﬂ(bz‘j)
ij

e Use the same Lagrange multiplier trick as LP/DD
— Then, define m; . (x;) o< exp|Aisa(2;)]
Fixed points satisfy LBP recursion!

/“Calculating messages: N\ /Calculating marginals: \

Mi—al(;) X

'7?’%,8->i(117i)
B#a
mf&m—m C’Q z fa Jja’ Hfm"?—m’ ‘1’3)
K T \Tj JFe j
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‘ Loopy BP and the partition function

* Use the Bethe approximation to estimate log Z:
— Run loopy BP on the factor graph & calculate beliefs
— Use the Bethe approximation to H(b):

log Z ~ ) By, [10g fa(wa)] + ) H(b:) ZEb [log Hb b; ]

— Often written using counting numbers:

log Z ~ Y Eyp, [log fa(za)] + > caH(ba) + > ciH(b;

coj =1, ¢; =1—deg(i)

— As with LP / DD, regions are what matters!
— But now, regions define both consistency and entropy
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|Region graphs

| Region: a collection of variables & their interactions

Dpa@® Caa® Daa® (z5)-m(rg
@‘@ @‘@ @‘@ @‘@

c=1 c=1 c=1 c=1

°se @ @ Y

a Counting numbers:
@ c=-1 c=-1 - @ &

S | ~ / Ca =1— gy cg

(inclusion/exclusion)
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| Join Graphs
|

e Join graphs give a simple set of regions

log Z = -+ H(ji
0g max - fi+ ()

Join graph: Entropy approximation:

Counting numbers
cligues: +1
separators: -1

Each variable’s subgraph is a tree

Results in a simple variant of LBP message passing!

Ma—p (513[3’\(1’.) X Z ffl’(a’a) H Mey—a ('CL(‘«’)

Ly N3 Y # /8

Dechter & lhler Deeplearn 2017 48



| Summation Bounds
|

* Alocal bound on the entropy will give a bound on Z:
logZ = max g-ﬁ—l—H(ﬁ)

nemM
Join graph: Exact Entropy
H(B|A,C,D,E) . w, H(B|A,C) +w, H(B|D,E)

- -
H(C|A,D,E) - H(C|A,E)

- -
H(D|A,E) = H(D|A,E)

- -

H(E|A) = H(E|A)
- -
H(A) = H(A)
Weighted Mini-bucket (primal) [Liu & lhler 2011]

Conditional Entropy Decomposition (dual) [Globerson & Jaakkola 2008]

Dechter & lhler Deeplearn 2017 49



\Prlmal vs. Dual Forms

—

Prlmal ¢, (0) < min
{A}

Dechter & Ihler

Z(I) (T)+)\(7J)

4 min N
{/\:’.—Hx}

S 0= @

Direct bound on objective

“Messages” reparameterize
subproblems to be consistent

“Typically”:
upper bound: prefer primal
lower bound: either OK
Bethe / BP: prefer dual

Reason about “beliefs” (marginals)

Messages update beliefs to be consistent

\_

/Message-passing form: N
p'ij
o T mes (24)
mij(x;) o [Z files) Figlws, )74 L ,?1/[:_”
o mji (25)1/ P+
/
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|Summary: Variational methods

I
* Build approximations via an optimization perspective

— Primal form: decomposition into simpler problems
— Dual form: optimization over local “beliefs”

* Deterministic bounds and approximations

— Convex upper bounds
— Non-convex lower bounds
— Bethe approximation & belief propagation

* Scalable, “local approximation” viewpoint

— Optimization as local message passing

* Can improve quality through increasing region size

— But, requires exponentially increasing memory & time



|Outline
|

* Monte Carlo sampling
— Basics
— Importance sampling
— Markov chain Monte Carlo
— Integrating inference and sampling
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| Monte Carlo estimators
I

* Most basic form: empirical estimate of probability

Elu(x)] = /p(a:)u(:z:) ~ U= %Zu(.fi(”) 7~ p(x)

* Relevant considerations
— Able to sample from the target distribution p(x)?
— Able to evaluate p(x) explicitly, or only up to a constant?

* “Any-time” properties
— Unbiased estimator, E[U] = E[u(x)]
or asymptotically unbiased, E[U] — E[u(xz)] as m — oo

— Variance of the estimator decreases with m



| Monte Carlo estimators
I

* Most basic form: empirical estimate of probability

Elu(x)] = /p(a:)u(:z:) ~ U= %Zu(.fi(?’)) W~ p(x)

* Central limit theorem

— p(U) is asymptotically Gaussian:

* Finite sample confidence intervals
— If u(x) or its variance are bounded, e.g., u(m(i)) € |0,1]

probability concentrates rapidly around the expectation:

Pr[|U —E[U]| > ¢] < O exp(—me?))
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\Samplmg in Bayes nets e, renron 108

* No evidence: “causa

|II

form makes sampling easy

— Follow variable ordering defined by parents

— Starting from root(s), sample downward

— When sampling each variable, condition on values of parents

p(A,B,C,D) — ( )p(B)

Dechter & lhler

p(D|B,C)

@ Sample:

\@j{/v a ~ p(A)
b~ p(B)

c~p(C|A=a,B=0)
d~p(D|C=c¢ B=0)

Deeplearn 2017

56



\Bayes nets with evidence

- Estimating the probablllty of eV|dence P[E= e]
PE=¢ =E|l1FE = = = — 1[e
[E =¢] =E[1[E = €] U=— Z el

— Finite sample bounds: u(x) 2 [0,1] [e.g., Hoeffding]
Pr “U —E[U]| > (—:} < 2 exp(—2me?)

What if the evidence is unlikely? P[E=e]=1e-6) could estimate U = 0!

— Relative error bounds [Dagum & Luby 1997]
U — E[U]| . 4 2
P [ } <49 if > log —
r R[] >e|l <o i m> e 08 5
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\Bayes nets with evidence

* Estimating posterior probabilities, P[A =a | E=e]?

* Rejection sampling
— Draw x ~ p(x), but discard if E =€
— Resulting samples are from p(x | E=e); use as before
— Problem: keeps only P[E=e] fraction of the samples!
— Performs poorly when evidence probability is small

* Estimate the ratio: P[A=a,E=e] / P[E=e]
— Two estimates (numerator & denominator)
— Good finite sample bounds require low relative error!
— Again, performs poorly when evidence probability is small



\ Exact sampling via inference

- Draw samples from P[A|E=e] directly?

— Model defines un-normalized p(A,...,E=¢e)

— Build (oriented) tree decomposition & sample Z H
| b~ f@b) f0.0)- f0.d)- f0.0)/Apoc B fab) f(b,e) f(b,d) f(b.e)
~ \
¢~ fle,@) f(c,€)  Apmc(@, e, d,€)/Acp € flea) fle,e) A\pscla e d,e)
\
d~ f(@d) - \p—p(d,€)/Ap—5(a:€) > Jled )‘CC ol e,
€ ~ A\DE (&a 6)/)\E—>A(€3) E: | )\D*E(a” e)l
a~plAd) = fla) A\g—ala)/Z A: fla) Ap—ala)
\

Downward message normalizes bucket;

ratio is a conditional distribution

Work: O(exp(w)) to build distribution

O(n d) to draw each sample
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| Outline
|

* Monte Carlo sampling

— Importance sampling
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\Importance Sampling

- Basic empirical estimate of probability:

Blu(@)] = [ p)ue) & a=--3 u@?) 50~ pla)

* Importance sampling:

wu(@?)  F ~ ()

61



| Importance Sampling
|

* Basic empirical estimate of probability:

Blu(@)] = [ p)ue) & a=--3 u@?) 50~ pla)

* Importance sampling:

T 7 (%) . .
[reu = [a@ESu@) ~ ST EEDua0) 50~ g

q(x) m

“importance weights”

(A
w® — p(a | )
q(z™)
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\ IS for common queries

e Partition function
— Ex: MRF, or BN with evidence

xT €T 1 .
723050 = Y awrys =Bl 5] = 3w
— Unbiased; only requires evaluating unnormalized function f(x)
o0 = 1@
 General expectations wrt p(x) / f(x)? a(z1)

— E.g., marginal probabilities, etc.

flz) _ Eglu(z)f(z )/ r)]  Su@E)w?
az)]:Zu(:C) = £ [f(2)/q q \\ S w(®

Estimate separately

Only asymptotically unbiased...
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\Importance Sampling

* Importance sampling:

[t = [ ot Bt ~ 53 BT 0~ ato

q(x)

* ISis unbiased and fast if g(.) is easy to sample from

* IS can be lower variance if g(.) is chosen well
— Ex: q(x) puts more probability mass where u(x) is large
— Optimal: q(x)/ |u(x) p(x)]

* IS can also give poor performance
— If g(x) << u(x) p(x): rare but very high weights!

— Then, empirical variance is also unreliable!
— For guarantees, need to analytically bound weights / variance...
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\Choosmg a proposal L, Fishes, Iler 2015]

- Can use WMB upper bound to define a proposal g(x):

mini-buckets

f \

b ~ wy q1(bla, &) + wy qa(b|d, €) B:  f(a, ) (b, c) l (b, d) f(b,e)
Weighted mixture: \
use minibucket 1 with probability w;, c: |f(ca a) f(c,e) Ap=cla, C)
or, minibucket 2 with probability w, =1 - w,
s D: ,
where B f(a, b) . f(b,C) — |f(a d) )\B_>D(d, 6?)
ql(b|a’7 C) T A (G; C) x
B=C™ E: Ac—ke(a,c) Ae—k(a,e)
an~q(A) = fla) - Ap—ala)/U | A fla) Ap—ala)
Key insight: provides bounded importance weights! U = upper bound
o< @)y Va
q(x)
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‘ WM B'IS BOU ndS [Liu, Fisher, Ihler 2015]
I

f

* Finite sample bounds on the average /21} log(4/8)  7TU log(4/6)

Pr [|2 — Z| > E} <1-9 o \/ m " 3(m —1)

“Empirical Bernstein” bounds

* Compare to forward sampling
— Works well if evidence “not too unlikely” ) not too much less likely than U

BN_6
-53 WMB}
-58.4 —smmmruuus IS(WMB)}
IMarkov (WMB)|
_63 _/Nvf C
10! 102 10® 10* 10° 10' 102 10%® 10* 10° 10°
Sample Size (m) Sample Size (m)
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|Other choices of proposals
I

* Belief propagation
— BP-based proposal [Changhe & Druzdzel 2003]
— Join-graph BP proposal [Gogate & Dechter 2005]
— Mean field proposal  [Wexler & Geiger 2007]

Join graph:
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|Other choices of proposals
I

* Belief propagation
— BP-based proposal [Changhe & Druzdzel 2003]
— Join-graph BP proposal [Gogate & Dechter 2005]
— Mean field proposal  [Wexler & Geiger 2007]

* Adaptive importance sampling
— Use already-drawn samples to update q(x)
— Rates v, and ", adapt estimates, proposal

- B Adaptive IS
[Cheng & Druzdzel 2000] 1: Initialize qo ()
[Lapeyre & Boyd 2010] 2: fort=0...T do

3: Draw X; = {#()} ~ q,()

i U= Y fE0) g (30)
(AJ — (1 — ’Ut)ﬁ —|—’U¢Ut

Qt+1 = (1 — ne)qe + neq™ (Xy)

— Lose “iid”-ness of samples

(W]

P
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| Outline
|

* Monte Carlo sampling

— Markov chain Monte Carlo
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| Markov Chains

* Temporal model —P@—b@_’@_>

— State at each time t
— “Markov property”: state at time t depends only on state at t-1
— “Homogeneous” (in time): p(X; | X,;) = T(X; | X, ;) does not depend on t

* Example: random walk

— Time 0: x,=0
— Timet: x,=x.,81

Dechter & Ihler Deeplearn 2017 70



| Markov Chains
|
¢ Temporal model 69_,69_>

— State at each time t
— “Markov property”: state at time t depends only on state at t-1
— “Homogeneous” (in time): p(X, | X,,) = T(X; | X, ;) does not depend on t

* Example: finite state machine 13

@
~ Time 0: x,=S3 @

— Ex: S31S11S31s21 .. 1
1/2

— Whatis p(x,)? Does it depend on x,?
<: S1/2
S1: | | | | i
52: | — 0 - 11— 01— — 1
S | ] ]
P(x,) P(x,) P(x,) P(x5) P(X100)
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\Statlonary distributions

» Stationary distribution s(z) :  s(z41) Zp (241 | @) s(ae)

* p(x,) becomes independent of p(x,)?

» Sufficient conditions for s(x) to exist and be unique:
(a) p(.].)isacyclic: ged{t : Prlz; =s;|xg=s5;] >0} =1
(b) p(.].)isirreducible: Vi,j 3t : Prlxy = s;|z0 = 5] >0

/Ex: not (a) \ /Ex: not (b) \

<>/‘<>/‘ Ve Without both (a) & (b),
v\/<> long-term probabilities
may depend on the initial
Q(x) may not exist / @ultiple s(x) exist /

distribution
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\I\/Iarkov Chain Monte Carlo

* Method for generating samples from an intractable p(x)

— Create a Markov chain whose stationary distribution equals p(x)

@ “x”:
®\CC>K‘ StCac;[re;p)l(ete config.
of target model @ @ @

— Sample x) .. x(m); x(m) ~ n(x) if m sufficiently large
— Two common methods:

* Metropolis sampling
— Propose a new pointx  using q(x | x) ; depends on current point x
— Accept with carefully chosen probability, a(x’,x)

* Gibbs sampling

— Sample each variable in turn, given values of all the others

Dechter & Ihler Deeplearn 2017
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\I\/Ietropolls Hastings

At each step, propose a new value x ~ g(x’ |x)

* Decide whether we should move there
— If p(x’)>p(x), it’sa higher probability region (good)
— If q(x|x ) <q(x |x), itwill behardto move back (bad)

— Accept move with a carefully chosen probability:

p(CE’)Q(CCkU,) Probability of “accepting” the move from
) p(ac)q(a:’ ‘:U) ] x to x’; otherwise, stay at state x.

\ Ratio p(x’) / p(x) means that we can substitute

an unnormalized distribution f(x) if needed

a(z’', ) = min [1

— The resulting transition probability 7'(z'|z) = q(2'|z) a(2’, z)
has detailed balance with p(x), a sufficient condition for stationarity
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MCMC Example
|

t=25

ﬂ/letropolis-Hastings (symmetric proposal) \

f=@(X).. % define f(x) / p(x), target
X =10,0]; % set or sample initial state
for t=2:T, % simulate Markov chain:

X(t,:) = X(t-1,:) + .5*randn(1,2); % propose move
r=min( 1, f(X(t,:)) / f(X(t-1,:)) ); % compute acceptance

if (rand >r) X(t,:)=X(t-1,:); end; % sample acceptance
end;

Wi

Early samples depend
1 oninitialization

L]

=
T
o

“Burn in”; may discard
these samples

Dechter & Ihler
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MCMC Example
|

ﬂ/letropolis-Hastings (symmetric proposal)

f=@(X) .. % define f(x) / p(x), target
X =1[0,0]; % set or sample initial state
for t=2:T, % simulate Markov chain:

X(t,:) = X(t-1,:) + .5%randn(1,2); % propose move

™

r=min( 1, f(X(t,:)) / f(X(t-1,:)) ); % compute acceptance

if (rand > r) X(t,:)=X(t-1,:); end;
end;

t=50

L]

% sample acceptance

Dechter & lhler
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ﬂ/letropolis-Hastings (symmetric proposal)

f=@(X) .. % define f(x) / p(x), target
X =1[0,0]; % set or sample initial state
for t=2:T, % simulate Markov chain:

MCMC Example
|

t=100

X(t,:) = X(t-1,:) + .5*randn(1,2);

r=min( 1, f(X(t,:)) / f(X(t-1,:)) );

if (rand > r) X(t,:)=X(t-1,:); end;
end;

% propose move

L]

™

% compute acceptance
(0]
% sample acceptance

in time

Dechter & lhler
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Samples correlated

(not independent)
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MCMC Example
|

t=200

ﬂ/letropolis-Hastings (symmetric proposal)

f=@(X) .. % define f(x) / p(x), target
X =1[0,0]; % set or sample initial state
for t=2:T, % simulate Markov chain:

X(t,:) = X(t-1,:) + .5*randn(1,2);
r=min( 1, f(X(t,:)) / f(X(t-1,:)) );

% propose move

if (rand > r) X(t,:)=X(t-1,:); end;
end;

L]

™

% compute acceptance
(0]
% sample acceptance

Dechter & lhler
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MCMC Example

t=500

ﬁVIetropoIis-Hastings (symmetric proposal)

f=@(X) .. % define f(x) / p(x), target
X =1[0,0]; % set or sample initial state
for t=2:T, % simulate Markov chain:

X(t,:) = X(t-1,:) + .5*randn(1,2);
r=min( 1, f(X(t,:)) / f(X(t-1,:)) );
if (rand > r) X(t,:)=X(t-1,:); end;

% propose move

end;

L]

™

% compute acceptance
(0]
% sample acceptance

Asymptotically,
4 samples will
represent p(x)

Dechter & lhler
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‘ GibbS Sampling [Geman & Geman 1984]
I

* Proceed in rounds
— Sample each variable in turn given all the others’ most recent values:

zo ~ p(Xo|z1, z2, z3)

)y ~ p(Xi|zg, w2, T3)

xy ~ p(Xa|zh, 27, x3)

c~pCl...)
x f(a,C) f(b,C,e)

— Conditional distributions depend only on the Markov blanket

— Easy to see that p(x) is a stationary distribution:

Zp(mﬂwg cooxp)p(Ty, . oxp) = plah|ee . xn)p(T2, . xn) = p(2], 2. LTy

1

Advantages: A /Disadvantages: A
No rejections “Local” moves
No free parameters (q) May mix slowly if vars strongly correlated
(can fail with determinism)
o NG /
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|Ex: DBMs
I

* Very popular for restricted / deep Boltzmann machines
— Each layer is independent given surrounding layers

* Used in both

— model training (estimate gradient of LL)
* Contrastive divergence; persistent CD; ...

— model validation (estimate log-likelihood of data)

* Annealed & reverse annealed importance sampling; discriminance sampling

{

H
:
:

II *
w
N H
. 'y
g
!I

[OW &[] &[]
FAEAFaAra B
| Z |
= 3 [ = |
EEEaEiEs Ea
=
Fd FiFArdva
B BRIl
El Bl B3

DETAILED VIEW
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\IVICIVIC and Common Queries

- MCMC generates samples (asymptotically) from p(x)

* Estimating expectations is straightforward

Blu(@)] = [p@ula) ~ =3 uG@?) ()

e Estimating the partition function

LU NS S R C))
E — [xj)()(.l,) 7 = /m])o(.(,) f(l)

Dechter & Ihler Deeplearn 2017
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\IVICIVIC and Common Queries

- MCMC generates samples (asymptotically) from p(x)

* Estimating expectations is straightforward

1 | -
— ~ U = — ~(%) (?) ~ Dlx
) = [pote) = a= 25T {0} ol
e Estimating the partition function

1 ( ) 1 ( pU
— = Po\T) = 0
z — ) o =
[Newton & Raftery 1994; Gelfand & Dey, 1994]

“Reverse” importance sampling
) t f(x) =p(D]0)p(0)  po(x) = p(0)

2 1 Z p{-)(;z:(?'))
Z?"’L-S — — ’ (7)
n 4~ f(z))
i ,
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IMCMC
I

* Samples from p(x) asymptotically (in time)

— Samples are not independent

» Rate of convergence (“mixing”) depends on
— Proposal distribution for MH
— Variable dependence for Gibbs

* Good choices are critical to getting decent performance
* Difficult to measure mixing rate; lots of work on this

 Usually discard initial samples (“burnin”)

— Not necessary in theory, but helps in practice

* Average over rest; asymptotically unbiased estimator

Blu(@)] = [p@ula) ~ a=--3 @) 50~ pla)



| Monte Carlo
|

Importance sampling

° i.i.d. samples
* Unbiased estimator

* Bounded weights provide
finite-sample guarantees

* Samples from Q

* Good proposal: close to p but
easy to sample from

* Reject samples with zero-
weight

MCMC sampling

* Dependent samples
* Asymptotically unbiased

 Difficult to provide finite-
sample guarantees

e Samples from Y4 P(X]e)

* Good proposal: move quickly
among high-probability x

* May not converge with
deterministic constraints



| Outline
|

* Monte Carlo sampling

— Integrating inference and sampling
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\ Estimating with samples

* Suppose we want to estimate p(X; | E)

* Method 1: histogram (count samples where X;=x;)

1 ) )
P(Xi =i|E) ~ — = 1[#" = @) 7 ~ p(X|E)
t

* Method 2: average probabilities
— (1)
P(X; = x;|FE) = — Zp T |:r:ﬂ T p(X|E)

Converges faster! (uses all samples)

/Rao-BIackweII Theorem: le.g., Liu et al. 1995\

Let X = (Xs,X;), with joint distribution p(Xg,X;), to estimate E[u(Xg)]
Then, Var [E[u(XS) Xﬂ} < Var [U(Xg)}

K Weak statement, but powerful in practice! Improvement depends on XS,XTJ
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| Cutsets
|

* Exactinference:

— Computation is exponential in the graph’s induced width

* “w-cutset”: set C, such that p(X.c |X.) has induced width w

— “cycle cutset”: resulting graph is a tree; w=1

Cycle cutset = {A,B,C}

e"a 'Dg
@ o0 <&

Dechter & Ihler c 0 Deeplearn 2017
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CUtset I m porta nce Sa m pling [Gogate & Dechter 2005

| . . . Bidyuk & Dechter 2006]
* Use cutsets to Improve estimator variance

— Draw a sample for a w-cutset X,
— Given X, inference is O(exp(w))

F@E, 29
e O(n d?) work @
(%) (%)

F(X)=]] fi(Xi, X;)

(Use weighted sample average for X; weighted average of probabilities for X..)
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‘Using Inference in Gibbs sampling

I
* “Blocked” Gibbs sampler

— Sample several variables together

iy

Do p(xael?) 2w p(xpla) 2~ p(xa)2l)

— Cost of sampling is exponential in the block’s induced width

— Can significantly improve convergence (mixing rate)
— Sample strongly correlated variables together



‘Using Inference in Gibbs sampling

I
* “Collapsed” Gibbs sampler

— Analytically marginalize some variables before / during sampling

®\/_’

@ b1 ~ 3 p(B, c|aD))

aP) ~ 3" p(A4,c]b(0)

— Ex: LDA “topic model” for text

200y voe oo T S :

% 5 : { —&—Non-Collapsed !
215o-|1,| ------------------- }-:&ﬁ-@oﬂapsed --------
|I \ —f,0 (;allapsed
2100+ 1&., ................... Tt roves e

20504
(B

Perplexity
)
[==]
=
=

1950} -

< &0
On026 E
2

, A
¢;ﬁ\ 1900F
T d _':'\-\.
D 1350-“
1800 : : : : :
0 200 400 600 800 1000

Iteration
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‘Using Inference in Gibbs Sampling

®

e Standard Gibbs:
p(A|b,c) = P(Bla,c) = P(Cla,b) (1)

Faster * Blocking:
Convergence p(A|b,c) = P(B,C|a) (2)
e Collapsed:

p(A|b) — P(B|a) (3)
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|Summary: Monte Carlo methods
|

e Stochastic estimates based on sampling

— Asymptotically exact, but few guarantees in the short term

* Importance sampling
— Fast, potentially unbiased
— Performance depends on a good choice of proposal q
— Bounded weights can give finite sample, probabilistic bounds

MCMC

— Only asymptotically unbiased
— Performance depends on a good choice of transition distribution

* Incorporating inference
— Use exact inference within sampling
— Reduces the variance of the estimates



| Course Summary
|

* Class 1: Introduction and Inference

e Can®)
g L
@‘m‘@'@
0, © 912 923

* (Class 2: Search

OR (Qi@ @*@ (Q*ﬁ 8
I ! K [

OR %ﬁ{a‘%
0l (il

Context minimal AND/OR search graph

* Class 3: Variational Methods and Monte Carlo Sampling

—
X
~ o
-
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