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Directed	  graphical	  models:	  Bayesian	  networks	  
(Pearl	  1988)	  

3	  

•  Basic	  inference	  task:	  	  compute	  the	  probability	  of	  
evidence	  (likelihood	  computa3on)	  

Lung Cancer 
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Radiology 

Bronchitis 

Dyspnea 

Variables:	  {𝑋↓1 ,….,𝑋↓𝑛 }	  
𝑃(𝑥)=∏𝑖↑▒𝑃( 𝑥↓𝑖 |𝑝𝑎(𝑥↓𝑖 )) 	  

B	   S	   P(b|s)	  

b0	   s0	   0.1	  

b1	   s0	   0.9	  

b0	   s1	   0.7	  

b1	   s1	   0.3	  

𝑃(𝑆= 𝑠↑0 ,𝐷= 𝑑↑1 )=∑𝑙,𝑏,𝑟↑▒𝑃(𝑠↑0 )𝑃𝑙𝑠↑0  𝑃𝑏 𝑠↑0  𝑃𝑑↑1  𝑏,𝑙 𝑃(𝑟| 𝑠↑0 ,𝑙) 	  

𝑃(𝑠,𝑙,𝑏,𝑟,𝑑)=𝑃(𝑠)𝑃𝑙 𝑠 𝑃𝑏����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������𝑠 𝑃𝑟��������������������������������������������������������������������������������������������������������������������������������𝑠,𝑙 𝑃(𝑑|𝑏,𝑙)	  

𝑃(𝐸=𝑒)=∑𝑧↑▒𝑃(𝑍=𝑧,𝐸=𝑒)=∑𝑧↑▒∏𝑖↑▒[𝑃𝑧↓𝑖  𝑝𝑎(𝑧↓𝑖 ) |𝐸=𝑒]   	  
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Undirected	  graphical	  models:	  Markov	  networks	  
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A	   B	   C	  

D	   E	   F	  

G	   H	   I	  

𝑍=∑𝑥↑▒∏𝑖↑▒∅𝑖(𝑥)∏𝑖,𝑗↑▒∅𝑖,𝑗(𝑥
)   	  

Z:	  Par33on	  func3on	  

Node	  poten3als:	  ∅𝑖(𝑥)	  	  
Edge	  poten3als:	  ∅𝑖,𝑗(𝑥)	  

•  Inference	  task:	  compute	  the	  par33on	  func3on	  Z	  
–  Sum-‐product	  problem	  	  
– Qualita3vely	  same	  as	  compu3ng	  P(e)	  in	  Bayesian	  
networks	  

•  Coun3ng	  solu3ons	  of	  a	  SAT	  or	  a	  CSP	  

F	   I	   Value	  

f0	   i0	   23.01	  

f1	   i0	   42.9	  

f0	   i1	   34.7	  

f1	   i1	   0.002	  

𝑃(𝑥)= 1/𝑍 
∏𝑖↑▒∅𝑖(𝑥)∏𝑖,𝑗↑▒∅𝑖,𝑗(𝑥)  	  
	  



Other	  inference	  tasks	  

5	  

•  Compute	  the	  condi3onal	  marginal	  probability	  given	  evidence	  (MAR	  
task)	  
–  𝑃(𝐿=𝑙0|𝑆=𝑠0,𝐷=𝑑1)	  

•  Compute	  the	  most	  probable	  explana3on	  (MPE)	  
–  Find	  a	  maximum	  probability	  assignment	  
–  Abduc3ve	  inference	  

Lung Cancer 

Smoking 

Bronchitis 

Dyspnea 

B	   S	   P(B|S)	  

b0	   s0	   0.1	  

b1	   s0	   0.9	  

b0	   s1	   0.7	  

b1	   s1	   0.3	  

Radiology 
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Inference	  vs	  condiPoning-‐search	  	  
Inference	  
	  
Exp(w*)	  3me/space	  
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O(n)	  space	  
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Search+inference:	  
Space:	  exp(w)	  
Time:	  exp(w+c(w))	  

W:	  user	  
controlled	  
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ApproximaPon	  

•  Since	  inference,	  search	  and	  hybrids	  are	  	  too	  expensive	  when	  
graph	  is	  dense;	  (high	  treewidth)	  then:	  

	  	  	  
•  Bounding	  inference:	  

•  mini-‐bucket	  and	  mini-‐clustering	  
•  Belief	  propaga3on	  

•  Bounding	  search:	  
• Sampling	  

•  Goal:	  an	  any3me	  scheme	  
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Monte	  Carlo	  EsPmate	  

•  EsPmator:	  	  
–  An	  es3mator	  is	  a	  func3on	  of	  the	  samples.	  
–  It	  produces	  an	  es3mate	  of	  the	  unknown	  parameter	  of	  the	  
sampling	  distribu(on.	  
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So	  the	  key	  is	  to	  generate	  samples	  from	  P	  



Logic	  sampling	  (example)	  

)|( 12 XXP

)|( from  Sample .4
)|( from  Sample .3
)|( from  Sample .2

)( from  Sample .1
 sample generate//
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But	  with	  evidence	  we	  have	  rejec3on…	  	  
In	  general	  it	  may	  be	  hard	  to	  generate	  a	  sample,	  especially	  on	  Markov	  networks.	  
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Importance	  Sampling:	  Overview	  

•  Given	  a	  proposal	  or	  importance	  distribu3on	  
Q(z)	  such	  that	  f(z)>0	  implies	  Q(z)>0,	  rewrite	  
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Variance	  reducPon	  
•  MSE	  of	  es3mator	  	  Z	  is	  equals	  its	  variance	  when	  bias	  is	  zero.	  

	  
•  Performance	  depends	  on	  the	  variance	  of	  the	  
es3mate	  

•  How	  close	  Q(Z)	  is	  to	  P(Z|E).	  
•  In	  prac3ce,	  we	  can	  compute	  Q	  from	  the	  output	  of	  Generalized	  
Belief	  Propaga3on	  (UAI,	  2005)	  

•  The	  number	  of	  samples;	  	  
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Total	  disregard	  for	  the	  structure	  of	  f(x)	  while	  
approxima3ng	  it.	  
	  
	  
Use	  AND/OR	  search	  to	  beier	  exploit	  the	  
structure	  
	  

AND/OR	  sampling:	  moPvaPon	  
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CondiPoning	  generates	  	  the	  probability	  tree	  

∑∑∑∑
=

==
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cbePbadPacPabPaPeaP

Complexity	  of	  condi3oning:	  exponen3al	  3me,	  linear	  space	  



AND/OR	  search	  spaces	  for	  exact	  inference	  
(Dechter	  and	  Mateescu,	  2007)	  

A
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The	  AND/OR	  search	  tree	  
A	  

E	  

C	  

B	  

F	  

D	  

A	  
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E	  C	  

F	  

Pseudo	  tree	  	  
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OR	  
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C	  
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0	   1	   0	   1	  

0	   1	  

A	  solu3on	  subtree	  is	  (A=0,	  B=1,	  C=0,	  D=0,	  E=1,	  F=1)	  



AND/OR	  search	  spaces	  for	  exact	  reasoning	  

AND node: Combination operator (product) 

OR node: Marginalization operator (summation) 

Value of node = updated belief for sub-problem below 
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.352 .27 .623 .104 

.3028 .1559 
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Result:   P(D=1,E=0) 

Task:	  compute	  the	  value	  of	  a	  root	  node	  



Complexity	  of	  AND/OR	  tree	  
search	  

AND/OR	  tree OR	  tree 

Space O(n) O(n) 

Time 

O(n	  dt)	  
O(n	  dw*	  log	  n)	  

	  
(Freuder	  &	  Quinn85),	  (Collin,	  Dechter	  &	  Katz91),	  	  
(Bayardo	  &	  Miranker95),	  (Darwiche01) 

O(dn)	  
 

d	  	  =	  domain	  size	  
t	  =	  depth	  of	  pseudo-‐tree	  
n	  	  =	  number	  of	  variables	  
w*=	  treewidth	  
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AND/OR	  importance	  sampling	  
	  (general	  idea)	  

•  Decompose	  Expecta3on	  
A

B C

Pseudo-‐tree	  
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Gogate	  and	  Dechter,	  UAI	  2008,	  CP2008	  
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•  Decompose	  Expecta3on	  

A

B C

Pseudo-‐tree	  
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AND/OR	  importance	  sampling	  
	  (general	  idea)	  



•  Compute	  all	  expecta3ons	  separately	  
•  How?	  

–  Record	  all	  samples	  
–  For	  each	  sample	  that	  has	  A=a	  

•  Es3mate	  	  the	  condi3onal	  expecta3ons	  separately	  using	  the	  
generated	  samples	  

•  Combine	  the	  results	  
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AND/OR	  importance	  sampling	  
	  (general	  idea)	  



AND/OR	  tree	  importance	  sampling	  

Sample # A B C
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AND/OR	  importance	  sampling	  
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AND/OR	  sample	  tree	  

•  Given	  a	  pseudo-‐tree	  and	  a	  set	  of	  samples,	  S	  
•  1.	  Generate	  the	  AND/OR	  search	  tree	  
•  2.	  Remove	  nodes/edges	  not	  appearing	  	  in	  S.	  
•  3.	  Assign	  weights	  (w(n,m)	  ,#(n,m))	  

– w(n,m)	  =	  	  the	  weights	  (p/q)	  
–  	  #(n,m)	  =	  frequency	  of	  the	  par3al	  sample	  in	  S	  

•  The	  	  AOT	  es3mate	  is	  the	  value	  of	  the	  root	  
node.	  
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Algorithm	  AND/OR	  importance	  sampling	  

28 

1.  Generate	  samples	  x1,	  .	  .	  .	  ,xN	  from	  Q	  along	  O.	  
2.  Build	  a	  AND/OR	  sample	  tree	  for	  the	  samples	  

x1,	  .	  .	  .	  ,xN	  along	  the	  ordering	  O.	  
3.   FOR	  all	  leaf	  nodes	  i	  of	  AND-‐OR	  tree	  do	  
1.   IF	  AND-‐node	  v(i)=	  1	  ELSE	  v(i)=0	  

4.   FOR	  every	  node	  n	  from	  leaves	  to	  the	  root	  do	  
1.   IF	  AND-‐node	  v(n)=product	  of	  children	  
2.   IF	  OR-‐node	  v(n)	  =	  Average	  of	  children	  



A	  Bayesian	  network	  
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Example	  of	  AND/OR	  sample	  tree	  
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Example	  of	  value	  computaPon	  
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AND/OR	  sampling:	  more	  virtual	  samples	  

•  Example:	  A=0,	  B=2,	  C=0	  is	  not	  generated	  but	  s3ll	  
considered	  in	  the	  AND/OR	  space	  

•  8	  virtual	  samples	  in	  AND/OR	  space	  versus	  4	  samples.	  
•  In	  general,	  we	  get	  exponen3ally	  more	  samples.	  

32	  
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Vibhav	  Gogate:	  Scaling	  up	  Probabilis3c	  Inference	  

4	  samples	  



ProperPes	  of	  AO-‐Tree	  	  Mean	  (AOTM)	  

•  AOTM	  is	  an	  unbiased	  es3mator	  of	  Z	  
•  On	  a	  chain	  it	  reduces	  to	  IS	  es3mator	  
•  Theorem:	  Variance	  of	  AOTM	  is	  always	  smaller	  
or	  equal	  	  regular	  IS	  

•  Time	  complexity:	  O(nN),	  N=	  |S|	  
•  Space	  complexity:	  O(h),	  h=	  height	  of	  tree	  
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From	  search	  trees	  to	  search	  graphs	  

•  Any	  two	  nodes	  	  that	  root	  iden3cal	  subtrees	  (subgraphs)	  
can	  be	  merged	  



AND/OR	  search	  tree	  	  	  
(Belief	  Upda3ng)	  
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AND	  node:	  Combina3on	  operator	  (product)	  
OR	  node:	  Marginaliza3on	  operator	  (summa3on)	  

Value	  of	  node	  =	  updated	  belief	  for	  sub-‐problem	  below	  
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AND/OR	  search	  graph	  	  
(Belief	  Upda3ng)	  
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The	  impact	  of	  the	  pseudo-‐tree	  	  
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AND/OR	  context-‐minimal	  graph	  	  
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Complexity	  of	  AND/OR	  graph	  search	  

AND/OR	  graph OR	  graph 

Space O(n	  dw*) O(n	  dpw*) 

Time O(n	  dw*) O(n	  dpw*) 

d	  	  =	  domain	  size	  
n	  	  =	  number	  of	  variables	  
w*=	  treewidth	  
pw*=	  pathwidth	  

w*	  ≤	  pw*	  ≤	  w*	  log	  n	  



AND/OR	  tree	  vs	  graph	  sampling	  

AND/OR	  sample	  tree	  
Complexity:	  O(nN)	  
	  
AND/OR	  sample	  graph	  
Complexity	  :	  O(nwN)	  
where	  w:	  treewidth	  HUJI	  Dec	  2011	  
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OR	  tree	  vs.	  A/O	  tree	  vs	  	  A/O-‐graph	  

43 

} AND/OR	  tree	  
}  Time	  Complexity:	  O(nN)	  
}  Space	  Complexity:	  O(h)	  
}  AOTM	  lower	  Variance	  than	  OR	  IS	  

} AND/OR	  Graph	  
}  Time	  Complexity:	  O(nwN)	  
}  Space	  Complexity:	  O(nN)	  
}  AOGM	  has	  Lower	  Variance	  than	  AOT	  

}  Something	  in	  between	  Cache	  on	  “i”	  variables	  
}  Time	  Complexity:	  O(niN)	  
}  Space	  Complexity:	  O(nN)	  
}  Variance	  in	  between.	  
	  



Experiments	  
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minfill	  

Hypergraph	  decomposiPon	  



AND/OR	  sampling:	  Some	  experimental	  
results	  

45	  Vibhav	  Gogate:	  Scaling	  up	  Probabilis3c	  Inference	  
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Linkage	  analysis	  instance	  having	  ~500K	  variables	  

(UAI,	  2008;	  AIJ,	  2011)	  



Grid	  instances	  
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AOT/minfill	  

AOT/hmePs	  

AOG/minfill	  

AOG/hmePs	  



Linkage	  instances	  
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AOG/minfill	  

AOG/hmePs	  

OR/AOT/hmeit	  

AOT/minfill	  



Linkage	  instances	  
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Outline	  

•  Background:	  Bayesian	  networks	  
•  Importance	  Sampling	  
•  AND/OR	  search	  space	  for	  grpahical	  Models	  
•  AND/OR	  Sampling:	  exploi3ng	  structure	  
•  AND/OR+w-‐cutset	  sampling	  
•  UAI	  2010	  experience	  
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Rao-‐Blackwellised	  w-‐cutset	  sampling	  

•  Rao-‐Blackwellisa3on	  
– Par33on	  X	  into	  two	  sets	  K	  and	  R,	  	  such	  that	  we	  can	  
compute	  Z(R|k)	  efficiently.	  

	  

•  Smaller	  variance	  
•  w-‐cutset	  sampling:	  Select	  K	  such	  that	  the	  
treewidth	  of	  R	  is	  bounded	  by	  “w”	  (Bidyuk	  and	  
Dechter,	  2007)	  

∑
∑
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parPPon	  funcPon	  
given	  evidence	  K=ki	  
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Algorithm	  AND/OR	  w-‐cutset	  sampling	  
Given	  an	  integer	  constant	  w	  
1.  Par33on	  	  variables	  into	  K	  and	  R,	  such	  that	  treewidth	  of	  R	  is	  

<=	  w.	  
2.  AND/OR	  sampling	  on	  K	  

1.  Construct	  a	  pseudo-‐tree	  of	  K	  and	  compute	  Q(K)	  consistent	  with	  K	  
2.  Generate	  samples	  from	  Q(K)	  and	  store	  them	  on	  an	  AND/OR	  tree	  

3.  Rao-‐Blackwellisa3on	  (Exact	  inference)	  at	  each	  leaf	  
1.  For	  each	  leaf	  node	  of	  the	  tree	  compute	  Z(R|g)	  where	  g	  is	  the	  

assignment	  from	  the	  leaf	  to	  the	  root.	  
4.  Value	  computa3on:	  Recursively	  from	  the	  leaves	  to	  the	  root	  

1.  At	  each	  AND	  node	  compute	  product	  of	  values	  at	  children	  
2.  At	  each	  OR	  node	  compute	  a	  weighted	  average	  over	  the	  values	  at	  

children	  
5.  Return	  the	  value	  of	  the	  root	  node	  

51	  AISTATS	  2010	  



AND/OR	  w-‐cutset	  sampling:	  
Step	  1:	  Par33on	  the	  set	  of	  variables	  

D

E G

F

C

A B

Graphical	  model	  

W=1	  
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AND/OR	  w-‐cutset	  sampling:	  
Step	  2:	  AND/OR	  sampling	  over	  {A,B,C}	  

C

A

B

Chain	  start	  pseudo-‐
tree	  over	  {A,B,C}	  
Sample	  A,B	  and	  C	  
without	  taking	  into	  
account	  condiPonal	  
independence	  

A	  start	  pseudo-‐tree	  
over	  {A,B,C}	  
that	  takes	  into	  
account	  condiPonal	  
independence	  
properPes	  

D

E G

F

C

A B

Graphical	  model	  
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Pseudo-tree 

C

A B



Samples:	  (C=0,A=0,B=1),	  (C=0,A=1,B=1),	  
(C=1,A=0,B=0),	  (C=1,A=1,B=0)	  

AND/OR	  w-‐cutset	  sampling:	  
Step	  2:	  AND/OR	  sampling	  over	  {A,B,C}	  

AISTATS	  2010	   54	  
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AND/OR	  w-‐cutset	  sampling:	  
Step	  4:	  Value	  computa3on	  
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Variance	  Hierarchy	  and	  Complexity	  

IS 

w-cutset  IS AND/OR  Tree 
IS 

AND/OR  w-cutset  Tree 
IS 

AND/OR  
Graph IS 

AND/OR  w-cutset  
Graph IS 

O(nN)	  
O(1)	   O(nN)	  

O(h)	  

O(nNexp(w))	  
O(h+nexp(w))	  

O(nNexp(w))	  
O(exp(w))	  

O(nNt)	  
O(nN)	  

O(nNtexp(w))	  
O(nN+nexp(w))	  
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t:	  	  the	  treewidt	  
w:	  a	  forced	  condi3oned	  
Tree-‐width	  



Experiments	  

•  Benchmarks	  
– Linkage	  analysis	  
– Graph	  coloring	  

•  Algorithms	  
– OR	  tree	  sampling	  
– AND/OR	  tree	  sampling	  
– AND/OR	  graph	  sampling	  
– w-‐cutset	  versions	  of	  the	  three	  schemes	  above	  
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Results:	  Probability	  of	  Evidence	  
Linkage	  instances	  (UAI	  2006	  evalua3on)	  

Time	  Bound:	  1hr	  

HUJI	  Dec	  2011	  



HUJI	  Dec	  2011	  



HUJI	  Dec	  2011	  



Outline	  

•  Background:	  Bayesian	  networks	  
•  Importance	  Sampling	  
•  AND/OR	  search	  space	  for	  grpahical	  Models	  
•  AND/OR	  Sampling:	  exploi3ng	  structure	  
•  AND/OR+w-‐cutset	  sampling	  
•  UAI	  2010	  experience	  
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2010	  Approximate	  Inference	  Evalua3on	  
(Gal	  Elidan,	  Amir	  Globerson)	  
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Solver	  for	  PR	  (Gogate	  2010)	  
0.	  Choose	  a	  good	  variable	  ordering	  (30	  sec	  or	  random	  
minfill)	  
1.	  IJGP-‐based	  IS	  	  
2.	  AOT	  w-‐cutset	  	  
3.	  SampleSearch	  (handles	  zeros)	  	  
4.	  Formula-‐based	  sampling	  (handles	  context	  specific	  
independence	  ,	  helped	  on	  ising	  and	  promedas	  only)	  	  
5.	  Rejec3on	  control	  and	  epsilon-‐correc3on	  (Replace	  very	  
small	  probabili3es	  (e.g.,	  0.0001)	  in	  the	  proposal	  
distribu3on	  by	  epsilon	  (0.01),	  and	  normalize.	  Note	  that	  
the	  proposal	  distribu3on	  is	  a	  Bayesian	  network.)	  	  
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	  2	  Solvers	  for	  MAR	  
	  Sampling-‐based	  MAR	  algorithm:	  	  
Step	  1:	  Select	  values	  	  of	  w	  and	  i	  	  based	  on	  the	  problem	  and	  3me-‐bound	  	  
Step	  2:	  Select	  an	  ordering	  of	  variables	  by	  running	  min-‐fill	  100	  3mes	  or	  for	  30	  seconds	  whichever	  is	  
earlier	  	  
Step	  3:	  Select	  a	  w-‐cutset	  	  
Step	  4:	  Run	  IJGP	  with	  i-‐bound=i	  	  
Step	  5:	  If	  the	  problem	  has	  context	  specific	  independence	  and	  determinism	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  Run	  formula-‐based	  SampleSearch	  with	  proposal	  constructed	  from	  the	  output	  of	  IJGP	  	  
	  	  	  	  	  	  	  	  	  	  	  	  Else:	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  -‐	  Run	  IJGP-‐sampling	  	  
	  
	  
AnyPme	  IJGP	  algorithm:	  	  
Step	  1:	  Select	  an	  ini3al	  value	  of	  i	  based	  on	  the	  problem	  and	  3me-‐bound	  	  
Step	  2:	  Select	  an	  ordering	  of	  variables	  by	  running	  min-‐fill	  100	  3mes	  or	  for	  30	  seconds	  whichever	  is	  
earlier	  	  
Step	  3:	  For	  j	  =	  i	  to	  treewidth	  	  
	  	  	  	  	  	  	  	  Run	  IJGP	  with	  i-‐bound=j	  un3l	  20	  itera3ons	  or	  convergence	  	  
	  	  	  	  	  	  	  	  Output	  the	  result	  	  
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UAI	  2010	  approximate	  inference	  challenge:	  
Comparison	  on	  the	  hardest	  instances	  (20	  mins)	  
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Somware	  and	  UAI-‐2008-‐10	  results	  
•  AND/OR	  search	  algorithms	  
•  Bucket-‐tree	  elimina3on	  
•  Generalized	  belief	  propsaga3on	  
•  Samplesearch	  sampling	  	  

are	  available	  at:	  

–  hip://graphmod.ics.uci.edu/group	  
–  hip://graphmod.ics.uci.edu/uai08/Evalua3on/
Report	  
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Conclusions	  

•  Exploit	  structure	  	  
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