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Bayesian	
  Networks	
  (Pearl	
  1988)	
  
	
  

P(S, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B) 

lung Cancer 

Smoking 

X-ray 

Bronchitis 

Dyspnoea 
P(D|C,B) 

P(B|S) 

P(S) 

P(X|C,S) 

P(C|S) 

Θ) (G,BN =

CPD:     
C  B   P(D|C,B) 
0  0    0.1  0.9 
0  1    0.7  0.3 
1  0    0.8  0.2 
1  1    0.9  0.1 

•  Posterior marginals, probability of evidence, MPE 

•  P( D= 0) = ∑𝑆,𝐿,𝐵,𝑋↑▒P(S)·  P(C|S)·  P(B|S)·  P(X|C,S)·  P(D|C,B  
MAP(P)=  ​𝑚𝑎𝑥↓𝑆,𝐿,𝐵,𝑋  P(S)· P(C|S)· P(B|S)· P(X|C,S)· P(D|C,B) 
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Constraint	
  OpCmizaCon	
  Problems	
  
for	
  Graphical	
  Models	
  

functionscost  - },...,{     
domains - },...,{     
variables- },...,{     
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FunctionCost  Global

Primal graph = 
Variables --> nodes 
Functions, Constraints -  arcs 
 
 

f(A,B,D) has scope {A,B,D} 

F(a,b,c,d,f,g)= f1(a,b,d)+f2(d,f,g)+f3(b,c,f) 



n  A	
  graphical	
  model	
  	
  (X,D,F):	
  
¨  X	
  =	
  {X1,…Xn}	
   	
  variables	
  
¨  D	
  =	
  {D1,	
  …	
  Dn}	
   	
  domains	
  
¨  F	
  =	
  {f1,…,fr} 	
  funcFons	
  

	
  (potenFal,	
  factors,	
  CPTS,	
  CNFs	
  …)	
  
	
  

n  Tasks:	
  
¨  Belief	
  updaCng:	
  ΣX-­‐y	
  ∏j	
  Pi	
  	
  
¨  MPE:	
  maxX	
  ∏j	
  Pj	
  

Graphical	
  Models	
  

A 

D 

B C 

E 

F 

A C F P(F|A,C) 
0 0 0 0.14 
0 0 1 0.96 
0 1 0 0.40 
0 1 1 0.60 
1 0 0 0.35 
1 0 1 0.65 
1 1 0 0.72 
1 1 1 0.68 

Conditional Probability 
or potential 
 

Primal graph 
(interaction graph) 

UMD	
  2012	
  

The MRF 



PASCAL	
  2011	
  ProbabilisFc	
  Inference	
  Challenge	
  

l  h_p://www.cs.huji.ac.il/project/PASCAL/	
  
l  Evaluates	
  solvers	
  in	
  three	
  categories:	
  
-  PR:	
  Probability	
  of	
  evidence	
  /	
  parFFon	
  funcFon	
  
-  MAR:	
  Posterior	
  node	
  marginals	
  
-  MPE:	
  Most	
  probable	
  explanaFon	
  (our	
  entry)	
  

l  Three	
  tracks	
  each:	
  20	
  sec,	
  20	
  min,	
  1	
  hour.	
  
l  Variety	
  of	
  benchmark	
  domains:	
  
-  CSPs,	
  Deep	
  Belief	
  Nets,	
  Image	
  Alignment	
  and	
  
SegmentaFon,	
  Object	
  DetecFon,	
  Protein	
  
Folding,	
  …	
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CompuFng	
  the	
  OpFmal	
  Cost	
  
SoluFon	
  The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your 

computer, and then open the file again. If the red x still appears, you may have to delete the image and then insert it again.

0=e
min

A 

D E 

C B B C 

E D 

Variable 
Elimination 

bcde ,,,
min
0=

f(a,b)f(a,c)f(a,d)f(b,c)f(b,d)f(b,e)f(c,e)= OPT =  

f(a,c)f(c,e)  
c
min

),,,( ecdahB

f(a,b)f(b,c)f(b,d)f(b,e) 
b
min

d
min f(a,d) ˙  

Combination 



	
  	
  
Inference	
  by	
  Variable	
  EliminaFon	
  	
  
	
  	
  

∏Xmax

OPT 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

),|(),|()|()|()(max
             

,,,,
cbePbadPabPacPaPMPE

bcdea
=

 Algorithm BE-mpe  (Dechter 1996, Bertele and Briochi, 1977) 
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GeneraFng	
  the	
  MPE-­‐tuple	
  

 C:  

 E:  

P(b|a)   P(d|b,a)   P(e|b,c) B:  

 D:  

A:   P(a) 

 P(c|a) 

 e=0 e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

(a)hP(a)max arga'  1. E

a
⋅=

0e'  2. =

)e'd,,(a'hmax argd'   3. C

d
=

)e'c,,d',(a'h
)a'|P(cmax argc'   4.
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×
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b
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Bucket	
  EliminaFon	
  

A	
  

f(A,B)	
  B	
  

f(B,C)	
  C	
   f(B,F)	
  F	
  

f(A,G)	
  
f(F,G)	
  

G	
  f(B,E)	
  
f(C,E)	
  

E	
  f(A,D)	
  
f(B,D)	
  
f(C,D)	
  

D	
  

hG	
  (A,F)	
  

hF	
  (A,B)	
  

hB	
  (A)	
  

hE	
  (B,C)	
  hD	
  (A,B,C)	
  

hC	
  (A,B)	
  

A	
   B	
  

C	
  D	
  

E	
  

F	
  

G	
  

A	
  

B	
  

C	
   F	
  

G	
  D	
   E	
  

Ordering:	
  (A,	
  B,	
  C,	
  D,	
  E,	
  F,	
  G)	
  

=+++++

+++++

),(),(),(),(),(),(
),(),(),(),(),(min ,,,,,,

gffgaffbfecfebfdcf
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Outline	
  
n  IntroducCon	
  
n  Inference	
  

n  Search	
  (OR)	
  
¨  Branch-­‐and-­‐Bound	
  and	
  Best-­‐First	
  search	
  

n  Lower-­‐bounds	
  and	
  relaxaCons	
  
n  ExploiCng	
  problem	
  structure	
  in	
  search	
  
n  SoRware	
  



An	
  OpFmal	
  SoluFon	
  

( ) ( )∑
=
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9
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An	
  op9mal	
  assignment	
  is	
  (A=0,	
  B=1,	
  C=1,	
  D=1,	
  E=0,	
  F=1)	
  with	
  cost	
  5	
  

A B f1 
0 0 2 
0 1 0 
1 0 1 
1 1 4 

A	
   C	
   f2	
  
0	
   0	
   3	
  
0	
   1	
   0	
  
1	
   0	
   0	
  
1	
   1	
   1	
  

A	
   E	
   f3	
  
0	
   0	
   0	
  
0	
   1	
   3	
  
1	
   0	
   2	
  
1	
   1	
   0	
  

A	
   F	
   f4	
  
0	
   0	
   2	
  
0	
   1	
   0	
  
1	
   0	
   0	
  
1	
   1	
   2	
  

B	
   C	
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0	
   0	
   0	
  
0	
   1	
   1	
  
1	
   0	
   2	
  
1	
   1	
   4	
  

B	
   D	
   f6	
  
0	
   0	
   4	
  
0	
   1	
   2	
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   0	
   1	
  
1	
   1	
   0	
  

B	
   E	
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0	
   0	
   3	
  
0	
   1	
   2	
  
1	
   0	
   1	
  
1	
   1	
   0	
  

C	
   D	
   f8	
  
0	
   0	
   1	
  
0	
   1	
   4	
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   0	
   0	
  
1	
   1	
   0	
  

E	
   F	
   f9	
  
0	
   0	
   1	
  
0	
   1	
   0	
  
1	
   0	
   0	
  
1	
   1	
   2	
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Basic	
  HeurisFc	
  Search	
  Schemes	
  
Heuristic function f(xp) computes a lower bound on the 

best  extension of xp and can be used to guide a 
heuristic  search algorithm. We focus on:  

1. Branch-and-Bound 
Use heuristic function f(xp) to 
prune the depth-first search 
tree 
Linear space 

2. Best-First Search 
Always expand the node with 
the highest heuristic value 
f(xp) needs lots of memory 

f ≤ L 

L
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Classic	
  Branch-­‐and-­‐Bound	
  

n 

g(n) 

h(n) -  under-estimates 
Optimal cost below n 

f(n) = g(n) + h(n) 
f(n) = lower bound 

Prune if f(n) ≥ UB 

(UB) Upper Bound = best solution so far 



Outline	
  
n Graphical	
  models	
  and	
  the	
  MAP	
  task	
  
n  Solving	
  exactly:	
  Variable	
  eliminaFon	
  and	
  search	
  
n  Bound	
  (lower	
  or	
  upper)	
  approximaFons	
  

¨ The	
  mini-­‐bucket	
  scheme	
  
¨ The	
  cost-­‐shiIing	
  or	
  re-­‐parameterizaFon	
  scheme	
  

n New	
  Algorithms	
  combinaFons	
  	
  
n  Experiments	
  



Primary	
  Bounding	
  Schemes	
  
n  Goal:	
  bound	
   ​𝑚𝑖𝑛↓𝑥 ∑𝑖↑▒​𝑓↓𝑖  (x)	
  or	
   ​𝑚𝑎𝑥↓𝑥 
∏𝑖↑▒​𝑓↓𝑖  (x)	
  

n  Node	
  duplicaCon	
  control:	
  	
  
¨ Mini-­‐bucket	
  scheme:	
  (Dechter	
  and	
  Rish	
  1997,2003,	
  Kask	
  and	
  

Dechter,	
  1999,	
  Rollon	
  and	
  Dechter	
  2010)	
  

n  ReparameterizaCon	
  schemes:	
  
¨  	
  SoI	
  arc-­‐consistency	
  (Bistareli,	
  2000,	
  Sciex	
  2000)	
  
¨ Linear	
  relaxaFon/	
  Dual-­‐decomposiFon:	
  (Globerson	
  and	
  
Jaakkola	
  2007,	
  Sontag,	
  Globerson	
  and	
  Jaakkola,	
  2010,	
  
Kovalevsky	
  et	
  al.	
  1975)	
  

¨ Belief	
  PropagaFon	
  can	
  be	
  viewed	
  as	
  re-­‐parameterizaFon	
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Mini-­‐bucket	
  ApproximaFon	
  
(Dechter	
  and	
  Rish,	
  1997,	
  2003)	
  

Split a bucket into mini-buckets =>bound complexity 

XX gh ≤
)()()O(e :decrease complexity lExponentia n rnr eOeO −+→



Mini-­‐Bucket	
  EliminaFon	
  	
  

A 

B C 

D 

E 

P(A) 

P(B|A) P(C|A) 

P(E|B,C) 

P(D|A,B) 

Bucket B 

Bucket C 

Bucket D 

Bucket E 

Bucket A 

P(B|A) P(D|A,B) P(E|B,C) 

P(C|A) 

E = 0 

P(A) 

maxB∏ 

hB (A,D) 

MPE* is an upper bound on MPE --U 
Generating a solution yields a lower bound--L 

maxB∏ 

hD (A) 

hC (A,E) 

hB (C,E) 

hE (A) 
W=2 

Node duplication, renaming 
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SemanFcs	
  of	
  Mini-­‐Bucket:	
  Spligng	
  a	
  Node	
  

U U 
Û 

Before Splitting: 
Network N 

After Splitting: 
Network N' 

Variables in different buckets are renamed and duplicated  
(Kask  and Dechter, 2001), (Geffner et. al., 2007), (Choi, Chavira, Darwiche , 2007) 
 



22 22 

Mini-­‐Bucket	
  EliminaFon	
  SemanFc	
  
minBΣ 

Mini-buckets 

A 

B C 

D E 

minBΣ 

bucket A: 

bucket E: 

bucket D: 

bucket C: 

bucket B: F(a,b’) 

F(a,d) 

hE(a) 

hB(a,c) 

hB(d,e) 

F(b,d) F(b,e) 

F(c,e) F(a,c) 

hC(e,a) 

L = lower bound  

F(b’,c) 

hD(e,a) 

A 

B D 

C 
E 

B’ 
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MBE-­‐MPE(i)	
  	
  
Algorithm	
  Approx-­‐MPE	
  	
  (Dechter	
  &	
  Rish,	
  1997)	
  

n  Input:	
  i	
  –	
  max	
  number	
  of	
  variables	
  allowed	
  in	
  a	
  mini-­‐bucket	
  
n  Output:	
  [lower	
  bound	
  (P	
  of	
  a	
  sub-­‐opFmal	
  soluFon),	
  upper	
  bound]	
  

      Example: approx-mpe(3) versus elim-mpe  

2* =w 4* =w



ProperFes	
  of	
  MBE(i)	
  

n  Complexity:	
  	
  O(r	
  exp(i))	
  	
  Fme	
  	
  and	
  O(exp(i))	
  space.	
  
n  Yields	
  an	
  upper-­‐bound	
  and	
  a	
  lower-­‐bound.	
  
	
  
n  Accuracy:	
  determined	
  by	
  upper/lower	
  (U/L)	
  bound.	
  
	
  
n  As	
  i	
  increases,	
  both	
  accuracy	
  and	
  complexity	
  increase.	
  

n  Possible	
  use	
  of	
  mini-­‐bucket	
  approximaFons:	
  
¨  As	
  anyFme	
  algorithms	
  
¨  As	
  heurisFcs	
  in	
  search	
  

n  Other	
  tasks:	
  similar	
  mini-­‐bucket	
  approximaFons	
  for:	
  belief	
  updaFng,	
  
MAP	
  and	
  MEU	
  (Dechter	
  and	
  Rish,	
  1997)	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  



CPCS	
  Networks	
  –	
  Medical	
  Diagnosis	
  
(noisy-­‐OR	
  CPD’s)	
  

Anytime-mpe(0.0001)  
   U/L error vs time 

Time and parameter i 
1 10 100 1000 

Up
pe

r/L
ow

er
 

0.6 

1.0 

1.4 

1.8 

2.2 

2.6 

3.0 

3.4 

3.8 
cpcs422b 
cpcs360b 

i=1 i=21 

Test case:  no evidence 

  505.2     70.3 anytime-mpe(  ),  
  110.5     70.3 anytime-mpe(  ),  

1697.6   115.8 elim-mpe 
cpcs422  cpcs360   Algorithm 

Time (sec) 

ε 410−=ε
ε 110−=ε

UMD	
  2012	
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StaFc	
  MBE	
  HeurisFcs	
  
n  Given	
  a	
  parFal	
  assignment	
  xp,	
  esFmate	
  the	
  cost	
  of	
  the	
  best	
  extension	
  to	
  a	
  full	
  

soluFon	
  
n  The	
  evaluaFon	
  funcFon	
  f(xp)	
  can	
  be	
  computed	
  using	
  funcFon	
  recorded	
  by	
  the	
  

Mini-­‐Bucket	
  scheme	
  
n  HeurisFc	
  is	
  consistent	
  and	
  admissible.	
  

B: f(E,B,C) f(D,A,B) f(B,A) 

A: 

E: 

D: 

C: f(C,A) hB(E,C) 

hB(D,A) 

hC(E,A) 

f(A) hE(A) hD(A) 

f(a,e,D) = f(a) + hB(D,a) + hC(e,a) 

g h – is admissible 

A 

B C 

D 
E 

Cost Network 

E 

E 

D 
A 

D 

B 
D 

B 
0 

1 

1 

0 

1 

0 

f(a,e,D))=g(a,e) + H(a,e,D ) 
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Empirical	
  EvaluaFon	
  of	
  Mini-­‐Bucket	
  heurisFcs:	
  
Random	
  coding	
  networks	
  (Kask	
  &	
  Dechter,	
  UAI’99,	
  Aij	
  2000)	
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Each data point represents an average over 100 random instances 



Outline	
  
n Graphical	
  models	
  and	
  the	
  MAP	
  task	
  
n  Solving	
  exactly:	
  Variable	
  eliminaFon	
  and	
  search	
  
n Upper	
  bound	
  approximaFons	
  

¨ The	
  mini-­‐bucket	
  scheme	
  
¨ The	
  cost-­‐shiIing	
  or	
  reparameterizaFon	
  scheme	
  

n New	
  Algorithms	
  combinaFons	
  	
  
n  Experiments	
  



SemanFcs	
  of	
  Dual	
  DecomposiFon:	
  	
  Each	
  
FuncFons	
  is	
  a	
  Mini-­‐Bucket	
  +	
  ReparameterizaFon	
  

29 

U 

Before Splitting: 
Network N 

Variables in different buckets are renamed and duplicated  
(Globerson and Jakkola, 2008),  

Harvard,	
  10/12	
  



Re-­‐parameterizaFon:	
  	
  	
  DuplicaFng	
  a	
  Node	
  for	
  Each	
  
Arc/FuncFon	
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U U 
Û 

Before Splitting: 
Network N 

After Splitting for each node: 
Network N' 

Variables in different buckets are renamed and duplicated  
(Globerson and Jakkola, 2008),  

U 

U 
= 

= 

= 

= 

Harvard,	
  10/12	
  



Re-­‐parameterizaFon:	
  	
  	
  DuplicaFng	
  a	
  Node	
  for	
  Each	
  
Arc/FuncFon	
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U U 
Û 

Before Splitting: 
Network N 

After Splitting: 
Network N' 

Variables in different buckets are renamed and duplicated  
(Globerson and Jakkola, 2008) 

U 

U 

Reparameterize by cost shifting, 
 optimally by linear programming 



The	
  Principle	
  of	
  Cost-­‐ShiIing	
  

Harvard,	
  10/12	
  

Introduce  a collection of functions: 



Bounding	
  by	
  Full	
  DecomposiFon	
  

X 1

X 2 X 3

f12 

f23 

f13 

Original problem: 

max(f12+f13+f23) 

X 1

X 2 X 3

Upper bound: 

max f12+max f13+max f23 

≤ 

X 1

X 3X 2

X 1

X 2 X 3

Exact solution: 

3 
2 

2 

2 



Tightening	
  the	
  upper	
  bound	
  

X 1

X 2 X 3

X 1

X 3X 2

2 

2 

2 

‘ 

“ 

‘ 

‘ 

“ 

“ 

Introduce functions 
 λij(Xi), λji(Xj) for each edge (ij) 
whose sum is 0  

minimize upper bound: 
minλ ∑(ij) maxX(fij(Xi, Xj)+ λij(Xi), λji(Xj) ) 

re-parameterization 
LP-tightening: use message passing,  
based on coordinate descent or gradient,  
sub-gradient approaches. 
 

λ‘s  Lagrangian multipliers 

maximize	
  each	
  factor	
  	
  
independently	
  
       max f12+max f13+max f23 

  subject to X’
1=X”

1, X’
2=X”

2, X’
3=X”

3 



Factor	
  graph	
  Linear	
  Programming	
  
n  Update the original factors (FGLP) 

¨  Tighten all factors over over xi simultaneously 
¨  Compute max-marginals 
¨  & update: 

 

	
  



Combining	
  	
  Mini-­‐buckets	
  with	
  cost-­‐shiIing	
  

n  Use	
  mini-­‐bucket	
  as	
  structuring	
  a	
  join-­‐graph	
  with	
  a	
  
given	
  i-­‐bound:	
  JGLP(i)	
  

n  Do	
  mini-­‐bucket	
  with	
  cost-­‐shiIing	
  in	
  each	
  bucket:	
  
MBE-­‐MM(i)	
  



Join	
  Graph	
  Linear	
  Programming	
  (JGLP)	
  

Bucket B 

Bucket C 

Bucket D 

Bucket E 

Bucket A 

P(B|A) P(D|A,B) P(E|B,C) 

P(C|A) 

E = 0 

P(A) 

maxB∏ 

hB (A,D) 

maxB∏ 

hC (A,E) 

hB (C,E) MB defines  
A Join Graph 

hD (A) hE (A) 



Mini-­‐bucket	
  eliminaFon	
  with	
  moment-­‐matching	
  
Buckets and messages: 

B1: f12(X1,X2)                        f13(X1,X3) 

B2: f23(X2,X3)   g’1(X2) 

B3:   g2(X3)                  g”1(X3) 

               g3() 

q1
1 q2

1 

B2 

B3 

Bucket junction tree: X 1 X 1‘ “ 

X 2 X 3

f12 f13 

f23 

Interpretation: 

m11 =
maxX3 f13(X1,X3)−maxX2 f12 (X1,X2 )

2

m12 =
maxX2 f12 (X1,X2 )−maxX3 f13(X1,X3)

2

X’1=X”1 

q1
1 q2

1 
m11 

m12 



Mini-­‐Bucket	
  EliminaFon	
  	
  

A 

B C 

D 

E 

P(A) 

P(B|A) P(C|A) 

P(E|B,C) 

P(D|A,B) 

Bucket B 

Bucket C 

Bucket D 

Bucket E 

Bucket A 

P(B|A) P(D|A,B) P(E|B,C) 

P(C|A) 

E = 0 

P(A) 

maxB∏ 

hB (A,D) 

MPE* is an upper bound on MPE --U 
Generating a solution yields a lower bound--L 

maxB∏ 

hD (A) 

hC (A,E) 

hB (C,E) 

hE (A) 
W=2 

Node duplication, renaming m11 

m12 

m11,m12- moment-matching 
messages 



IteraFve	
  Fghtening	
  as	
  bounding	
  schemes	
  
n 4	
  schemes:	
  MBE,	
  MBE-­‐MM,	
  FGLP,	
  JGLP	
  
n  IteraFve	
  schemes	
  (FGLP,	
  JGLP)	
  ran	
  for	
  5,	
  300,	
  3600	
  seconds	
  
	
  
	
  



IteraFve	
  Fghtening	
  as	
  bounding	
  schemes	
  



Outline	
  
n Graphical	
  models:	
  reasoning	
  principles	
  
n  Inference	
  
n  	
  Advancing	
  Search	
  via	
  AND/OR	
  Search	
  
n  Lower	
  Bounding	
  schemes	
  for	
  inference	
  
n  Lower-­‐bounding	
  heurisFc	
  for	
  AND/OR	
  search	
  
n  Experiments	
  



An	
  OpFmal	
  SoluFon	
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The	
  AND/OR	
  Search	
  Tree	
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A	
  solu9on	
  subtree	
  is	
  (A=0,	
  B=1,	
  C=0,	
  D=0,	
  E=1,	
  F=1)	
  



From	
  AND/OR	
  Tree	
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An	
  AND/OR	
  Graph	
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context(B) = {A, B} 

context(c) = {A,B,C} 

context(D) = {D} 

context(F) = {F} 
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All	
  Four	
  Search	
  Spaces	
  

Full OR search tree  

126 nodes 
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Full AND/OR search tree 
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Context minimal OR search graph 
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Harvard,	
  10/12	
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Any query is best computed 
Over the c-minimal AO space 

Exp(w) 



AND/OR	
  Branch-­‐and-­‐Bound	
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Kask and Dechter 2001 
Marinescue and Dechter,  
2005-2009 



StaFc	
  Mini-­‐Bucket	
  HeurisFcs	
  
A	
  

f(A,B)	
  B	
  

f(B,C)	
  C	
   f(B,F)	
  F	
  

f(A,G)	
  
f(F,G)	
  

G	
  f(B,E)	
  
f(C,E)	
  

E	
  f(B,D)	
  
f(C,D)	
  

D	
  

hG	
  (A,F)	
  

hF	
  (A,B)	
  

hB	
  (A)	
  

hE	
  (B,C)	
  hD	
  (B,C)	
  

hC	
  (B)	
  

hD	
  (A)	
  

f(A,D)	
  D	
  

mini-­‐buckets	
  

A	
   B	
  

C	
  D	
  

E	
  

F	
  

G	
  

A	
  

B	
  

C	
   F	
  

G	
  D	
   E	
  

Ordering:	
  (A,	
  B,	
  C,	
  D,	
  E,	
  F,	
  G)	
  

h(a,	
  b,	
  c)	
  =	
  hD(a)	
  +	
  hD(b,	
  c)	
  +	
  hE(b,	
  c)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ≤	
  h*(a,	
  b,	
  c)	
  

MBE(3)	
  

Node duplication  lower bound 



Empirical	
  evaluaFon	
  
	
  	
  Experimental	
  segngs:	
  
n 4	
  benchmarks:	
  

¨ Pedigrees	
  (10	
  instances)	
  
¨ Type4	
  (10	
  instances)	
  
¨ LargeFam	
  (40	
  instances)	
  
¨ n-­‐by-­‐n	
  grid	
  networks	
  (32	
  instances)	
  

n Algorithms	
  as	
  bounding	
  schemes	
  
n Algorithms	
  as	
  heurisFc	
  generators	
  
	
  
	
  
	
  

genetic linkage  
analysis networks 
 



IteraFve	
  Fghtening	
  as	
  heurisFc	
  generators	
  
n  4	
  schemes	
  used:	
  

¨  AOBB	
  guided	
  by	
  pure	
  MBE	
  heurisFcs	
  (AOBB-­‐MBE)	
  
¨  AOBB	
  guided	
  by	
  MBE	
  and	
  max-­‐	
  marginal	
  matching	
  heurisFcs	
  (AOBB-­‐
MBE-­‐MM)	
  

¨  AOBB	
  whose	
  heurisFcs	
  are	
  generated	
  from	
  FGLP	
  followed	
  by	
  MBE	
  
(AOBB-­‐FGLP+MBE)	
  

¨  AOBB	
  guided	
  by	
  JGLP-­‐produced	
  heurisFcs	
  (AOBB-­‐JGLP)	
  	
  

n 	
  	
  	
  FGLP,	
  JGLP	
  ran	
  for	
  30	
  seconds	
  
n 	
  	
  Total	
  search	
  Fme	
  bound	
  24	
  h	
  
n 	
  	
  Memory	
  limit	
  3	
  Gb	
  
n 	
  	
  Mini-­‐bucket	
  z-­‐bounds={10,15,20}	
  	
  

	
  
	
  



Empirical	
  EvaluaFon:	
  Haplotype	
  problems	
  
Time bound – 24 h 



Empirical	
  EvaluaFon:	
  Haplotype	
  problems	
  
Time bound – 24 h 



Empirical	
  EvaluaFon:	
  Large	
  families	
  
Time bound – 24 h 



Empiricial	
  EvaluaFon;	
  Grid	
  networks	
  

Time bound – 24 h 



IteraFve	
  Fghtening	
  as	
  heurisFc	
  generators	
  

Time bound – 24 h 



DAOOPT:	
  Improving	
  AND/OR	
  Branch-­‐	
  
and-­‐Bound	
  for	
  Graphical	
  Models	
  

	
  
	
  
	
  Lars Otten, Alexander Ihler, 

Kalev Kask, Rina Dechter 
 
Dept. of Computer Science 
University of California, Irvine 

PASCAL	
  2012	
  Inference	
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AND/OR	
  Branch	
  and	
  Bound	
  
l  Guided	
  by	
  pseudo	
  tree:	
  

l  Subproblem	
  decomposiFon.	
  

	
   [BE] 

[AB] 

[BC] 

[AB] 

[A] 

[ ] 

Decomposition 

[Marinescu & Dechter, AIJ'09] 



AND/OR	
  Branch	
  and	
  Bound	
  
l  Guided	
  by	
  pseudo	
  tree:	
  

l  Subproblem	
  decomposiFon.	
  
l  Merge	
  unifiable	
  subproblems.	
   [BE] 

[AB] 

[BC] 

[AB] 

[A] 

[ ] 

Decomposition 
Cache table for F 

(independent of A) 
B 
0 
0 
1 
1 

E 
0 
1 
0 
1 

cost 
10 
6 
... 
... 

[Marinescu & Dechter, AIJ'09] 



AND/OR	
  Branch	
  and	
  Bound	
  
l  Guided	
  by	
  pseudo	
  tree:	
  

l  Subproblem	
  decomposiFon.	
  
l  Merge	
  unifiable	
  subproblems.	
  

l  Mini-­‐bucket	
  heurisFc.	
  
[BE] 

[AB] 

[BC] 

[AB] 

[A] 

[ ] 

Decomposition 
Cache table for F 

(independent of A) 

Prune based on 
current best solution 
and heuristic estimate. 

v=10+2=12 

h=14 v=10 
2 

B 
0 
0 
1 
1 

E 
0 
1 
0 
1 

cost 
10 
6 
... 
... 

[Marinescu & Dechter, AIJ'09] 



AND/OR	
  Branch	
  and	
  Bound	
  
l  Guided	
  by	
  pseudo	
  tree:	
  

l  Subproblem	
  decomposiFon.	
  
l  Merge	
  unifiable	
  subproblems.	
  

l  Mini-­‐bucket	
  heurisFc.	
  
[BE] 

[AB] 

[BC] 

[AB] 

[A] 

[ ] 

Decomposition 
Cache table for F 

(independent of A) 
Time and Space: O( n·k w ) 

Prune based on 
current best solution 
and heuristic estimate. 

v=10+2=12 

h=14 v=10 
2 

B 
0 
0 
1 
1 

E 
0 
1 
0 
1 

cost 
10 
6 
... 
... 

[Marinescu & Dechter, AIJ'09] 



AnyFme	
  Performance	
  
l  OR	
  Branch-­‐and-­‐Bound	
  is	
  anyFme.	
  
l  But	
  AND/OR	
  breaks	
  anyFme	
  behavior	
  
of	
  depth-­‐first	
  scheme:	
  
l  First	
  anyFme	
  soluFon	
  delayed	
  unFl	
  
last	
  subproblem	
  starts	
  processing.	
  

solved 
optimally 

processing 

[Otten & Dechter, AICom '12] 



AnyFme	
  Performance	
  
l  OR	
  Branch-­‐and-­‐Bound	
  is	
  anyFme.	
  
l  But	
  AND/OR	
  breaks	
  anyFme	
  behavior	
  
of	
  depth-­‐first	
  scheme:	
  
l  First	
  anyFme	
  soluFon	
  delayed	
  unFl	
  
last	
  subproblem	
  starts	
  processing.	
  

l  Breadth-­‐RotaCng	
  AOBB:	
  
l  Take	
  turns	
  processing	
  subproblems.	
  
-  Limit	
  number	
  of	
  expansions	
  per	
  visit.	
  

l  Solve	
  each	
  subproblem	
  depth-­‐first.	
  
-  Maintain	
  favorable	
  complexity	
  bounds.	
  

rotate 

[Otten & Dechter, AICom '12] 



Mini-­‐buckets	
  with	
  Moment	
  
Matching	
  
l  HeurisFc	
  funcFon	
  generated	
  
from	
  mini	
  buckets.	
  
l  Apply	
  exact	
  variable	
  elimi-­‐	
  
naFon	
  to	
  relaxed	
  problem.	
  

l  i-­‐bound	
  parameter	
  controls	
  
accuracy	
  /	
  complexity.	
  

l  Augmented	
  with	
  MPLP	
  
cost-­‐shiIing.	
  
l  Max-­‐marginal	
  matching	
  per	
  
bucket	
  for	
  Fghter	
  bounds.	
  

[Ihler, Flerova, Dechter, Otten, UAI '12] 



StochasFc	
  Variable	
  Orderings	
  
l  AOBB	
  complexity:	
  O(nkw)	
  

l  High	
  variance	
  in	
  
width	
  of	
  orderings.	
  

l  Our	
  implementaFon:	
  
l  Minfill	
  heurisFc.	
  
l  Random	
  Fe-­‐breaking.	
  
l  Allow	
  deviaFon	
  from	
  
heurisFc	
  opFmum.	
  

l  Highly	
  opFmized	
  data	
  structures,	
  early	
  
terminaFon.	
  
-  Can	
  do	
  many	
  thousands	
  of	
  iteraFons.	
  

20,000 minfill iterations 

[Kask, Gelfand, Otten, Dechter, AAAI '11] 



Pugng	
  It	
  All	
  Together	
  
l  Steps	
  in	
  compeFFon	
  entry	
  for	
  1	
  hour	
  track:	
  

1.  	
  MPLP	
  cost-­‐shiIing	
  on	
  original	
  graph	
  (1	
  min	
  /	
  2,000	
  iter).	
  
2.  	
  StochasFc	
  local	
  search	
  (3	
  min).	
  
3.  	
  Find	
  variable	
  ordering	
  (3	
  min	
  /	
  30,000	
  iter).	
  
4.  	
  Join-­‐graph	
  MPLP	
  cost-­‐shiIing	
  (1	
  min	
  /	
  1,000	
  iter).	
  
5.  	
  Compute	
  mini-­‐buckets	
  with	
  moment	
  matching.	
  

-  Highest	
  possible	
  i-­‐bound	
  for	
  given	
  memory	
  limit.	
  

6.  	
  Run	
  limited	
  discrepancy	
  search	
  (dmax=	
  2).	
  
7.  	
  Run	
  complete	
  Breadth-­‐RotaFng	
  AOBB.	
  

l  Final	
  result	
  in	
  1	
  hour	
  category:	
  
l  Daoopt:	
  -­‐8.3214,	
  ficolofo:	
  -­‐8.3196	
  (δ	
  =	
  0.0018)	
  



Thank	
  you	
  

Thank	
  you!	
  
	
  

For	
  publicaCon	
  see:	
  	
  
hcp://www.ics.uci.edu/~dechter/publicaCons.html	
  

Harvard,	
  10/12	
  

Kalev Kask 
Irina Rish 
Bozhena Bidyuk 
Robert Mateescu 
Radu Marinescu 
Vibhav Gogate 
Emma Rollon 
Lars Otten 
Natalia Flerova 
 


