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A B
red green
red yellow
green red
green yellow
yellow green
yellow red

Constraint Satisfaction
Example: map coloring

Variables (X) - countries (A,B,C,etc.)
Values  (D)   - colors (e.g., red, green, yellow)

Constraints (C): etc.  ,ED  D,  AB,A ≠≠≠
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Bucket E:    E ≠ D,  E ≠ C
Bucket D:    D ≠ A
Bucket C:    C ≠ B
Bucket B:    B ≠ A
Bucket A:

A ≠ ≠ ≠ ≠ C
1 *  w:easyare  trees

width-tree  width,induced
=

  -*

*

w    

))exp(w O(n  :Complexity

contradiction

/

D = C

B = A
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tree dfs of depth in   b)
size  cutset-cycle in lexponentia a) :complexity Refined

space linear time, lexponentia  :Complexity
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= P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)
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X-ray
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Dyspnoea
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P(S, C, B, X, D)

Conditional  Independencies Efficient  Representation
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bucket  B: 

P(a)

P(c|a)

P(b|a)   P(d|b,a)   P(e|b,c)

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

B
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E

A

e)(a,h D

(a)h E

e)c,d,(a,h B
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19  instances with Insurance network. 20
relations,  arity 3,  tightness 25 %, 5 evidence nodes.
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Non-minimal arc-labeled: 
sep(1,2)={C,D,E}
elim(1,2)={A,B}

ABCDE

FGI

BCE

GHIJ

CDEF

FGH

BC

CDE
CE

F
F GH

GI

ABCDE
p(a), p(c), p(b|ac), 
p(d|abe),p(e|b,c) 

h(3,1)(bc)

BCD

CDEF

BC

CDE CE

1 3

2

h(3,1)(bc)

h(1,2)

Minimal arc-labeled: 
sep(1,2)={D,E}
elim(1,2)={A,B,C}

�=
cba

bchbcepabedpacbpcpapdeh
,,

)1,3()2,1( )()|()|()|()()()(

�=
ba

bchbcepabedpacbpcpapcdeh
,

)1,3()2,1( )()|()|()|()()()(



�������

+@"�
#��#������

� +@"�7�9
�##����
 �
��

��	
�����������
S��	�
-��#��
�����
�������
��D�
��
���	���
�$
�2


� N	
S��	������

+@"�
&�	��
�:���
�����&�

� ���#��:��$
�&
�	�
��������	

� ���� N7��-W7	H!9
W��H19

� �#��� N7!W�θ9

� (�����


� 	�
-����	����
��	���-�	��


� 	�
���	�
�	
�������$



�������

����	-
	�������
�  0�
Coding, N=400, 500 instances, 30 it, w*=43, sigma=.32

i-bound

0 2 4 6 8 10 12

B
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R

0.00237

0.00238

0.00239

0.00240
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0.00243

IBP
IJGP

Coding, N=400, 500 instances, 30 it, w*=43, sigma=.51

i-bound
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0.0745

0.0750

0.0755

0.0760
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Coding, N=400, 500 instances, 30 it, w*=43, sigma=.65

i-bound
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Coding, N=400, 1000 instances, 30 it, w*=43, sigma=.22
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CPCS 422, evid=0, w*=23, 1instance

i-bound

2 4 6 8 10 12 14 16 18
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IJGP 30 it (at convergence)
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CPCS 422, evid=30, w*=23, 1instance

i-bound

3 4 5 6 7 8 9 10 11 12 13 14 15 16
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0.0001

0.001

0.01

0.1

IJGP at convergence
MC
IBP at convergence

evidence=0 evidence=30
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Brute-force: generate and list all solutions
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